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4.1 Double I(\-‘-eaifals

4% 'y:f—(mz\ A doble lr\&e%ra\ of— a

function oF Jwo variables
' A over & domein D in the

~——__
\ plane by means of +he
S Sy standad  volume  problem
@ of QﬂJ\‘n? the volume 0“: the
/ Hree -dimensiona| region S bounk)
p 4 lya, the surfoce Fﬂ)ﬂa\

e xy-plane , and the
c«alh&« pafa(\el o the
Z-avs gassing  Fhrough
e bour\Jarz of- D.

/ A solid (eaim ¢S ‘3“\?
above domain D in the
u-gac and below the

\,sur(?ace. a={ & 3)

We will defag the double inkegral of
P(I«a) over Yhe domain D,

K\ f-(x(a\JA
D




J-eJ- D s a CJOS&L recia\ye with SlJeJ @fa‘“
Jo the corlinate axes in the #y-plone ,and £ is
a bounded finckn sn D. (F D consisks of the
ponts (xy) st acx=o ad ceyid wecan
form a @aflition ? of D o s,mall reclrana\es
b-} paditioning. eacdn o the intevals [ab)
and I:c,c11 I Saz, \;} points
& =Xy &% &g & - L)Xy & Xm=b,
€ Yo €91 € Qe & LYni &Y =d
The eartdion P oF D then consists oF +he
Mn rectangles Rig (Leism, 13 &n),
Cmsl'slr'u\z, of eoinds (‘h}\ for whidh
Kig € Xe X and Yy . €942 35
d=9n — = Rean Clon 500)
4 0-

33
I

i
C =190

Yo Xt X4 XN InXm=|



The rec-\rar\?le Rga has area
Mg = &k By g = (i ki) Gy~ 35
and Jdiomete (ie diagonal leyth)
diam(Rig) = fiai-+ gt

= & €3 ’Xc‘—&* (33 T 33437?

The nom o+ the pardition 5 dhe lorgest
of ‘hese .subrecjfar\zle. diametecs:
eIl = max dom (Rig) .

dciem
Ay <N

Mow sse pick an aeraq- pont (X.a, Yi3 ) i
eadn of the rectangles Ry and fom the
Riemann sum
R(F.P) = %2 F(x), 93 A5,
i 37
whidh s the sum of mn terms | one for axch
rec‘fm?\e In the @ition .




De,ﬁmihg' a @

We  say Yot § s inlfeamble. over the
fccirar\cj,\e. D and has double l‘f\k:z ra\

L= .SDS Foay)dA,

5 for every pasitive number € thee emisis
A tumber & d@G\J.\(r\% on G,Sm&\ Hat

12¢5.9) -1 | <e
wids for every par\-s‘h'm Pot D 5241'5-‘73"43/
(1PN <& and for al heics oF the poinis
(X.f ) %i}- ) i the .subreda'\g\es of P.




Ddim'hm @

\F ng) s defined and bounded on domain
D, let § be e extension ohF +hat is
a0 cvernw\\ere. eutside D~

§ 4\ = {f(x ) 1 i Gg) belongs %D

o ) iR g) Aoe& not
ong D

\f D isa wonded domsin, dhen H is onbind
in some red-an?\: R with sides parallel 1o e
coordinale axes. |F & is ind iauc sver R,
we vy that § s .nwlegfa“e ove— D and
define +he double n‘r\lrezral of f ove— D tole

%5 foagdk - ,g F Gug)dA

(£ 5— is condinuduS an a dosed ,(aounJeJ
domain D whese boundary sasists of flailely many,
cucrvesS of— —ftr\ilre. ‘g\cy\'h IH\G\ § (S \n&z!&‘é on D




Progerhies o the Double In4ga.ra\
@) %¥(x.3)AA=O T D has zero dres.
(b) Area of a domain. (SIJA =area of D
© 11\1—@3\'&\3 repteser\‘:?ng, volumes: |F ¥(x,‘})>0
o0 D, then SDS Fleg)dA =V 20, where V is
the wolume of the solid |«3lmy Ja-hica \\} bove
D and below the surfoe =z=F(x.y)
8) (F £0xyg) £0 on D | then SS foay)dA=—v<Q
here NV (s dhe wOlome e?—-“\e. solid \zm%,
uerl\ca\“vk below D and above ‘e S face
2= +(x, a) .
(e) Jinear depndexe on e \'fﬂea fand
8§ (L Fleg)+ Mglx,4)) dh-= ij;&a\AAJrMSf}(x,z)dA
() lnequalities are ()re.smfed
\b Fouy) £9.60y) on D, Hhen Sé{(xg)JAé Sglxig) dA
G The ktangje .nequ&\\‘rz,
‘53 s;m,uA(g Sosmxlp\cm

/ ’ \
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() A-Uth’v{’rn, o domains: \}F D,,Dz,, D, ofe
nonoveleeing. domalns en each of which Fis
u‘r\hg\’-l\)‘e  then £ s kr\Jrez(ch over ‘he

in D=DUD U ---0D,. and

ﬁ POy A = 2 SS $(xiy)dA
D EEGY

1.2 Tieration of Double Inlfograls in_(aclesian Caordinates
The existence of fhe dJouble negra)
..SS Foxg) A depeds on £ and +he domain D.
E\;a akion of Jeuble («\erzra\s is easles} when the
domain of |r\5w3(a\10n s of simple -\ape.

d Y
=d(x)

: g:c(%) |
3‘ b
A 3-simple An - x-simple
doma\‘n A""ﬂa\‘ﬂ 4
.




H can be shown dhat a bounded | continuouS
Funckiion £(xo4) s Wregra“e. over a basnded
¥ -simple or y-simple domain and , theefore,
over any regu\ar Jomain

2 T P

&= ‘Ph‘t}) d &)
C,R AL = § Lol dy

\ CO‘) L
. S pox %\ ,JA S Alx)dx

=y Yy
a1 -S(S %(3\43)35(
: % -C(,S —— c(x)
x ),&‘) S S S»(‘X\ 3\&361
o d(x) 4.

= § dx S flay) A:,

o C(x)




|+ ¥(7(ua,\ ‘s continuouS on the bOUf\Jai
y-simple domain D given by a ex<b and
c(x) < }h dX) , then

dx)
§S FirgldA- a4 § Poup &y

< C)
éfmi\ar\a‘ i F s condhuouss o0 the
X -simple dom2in D giver by c< yed and
aly) £x 2 bQ) |, then
b( )

§§ Hoep) A - ﬁ‘a f, Pt




