


144 Doble Imie#ls in Polar Coordinates
fecall Hat a point ¥ with G aan coonliuks
(7(:3-\ can also be lecated 52 its polar cooinakes
[r.0] \whee r is the dislane From PHo the
origin 0, ad 0 is the argle OP makes with 1he
pasitive direction of the 2x-axs.
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(Plar - artesian owersions)
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ConSdem the prollem  of fv\JM} the wume Vof
the solid (egion \Zing, bove the 7y - plne and
beneath the earabo\otl 2= \-Xl—f- Since the
parabolod intesecks the xy-plate i the cicle
X2137‘=.L | the. volume s a/uen in @riesian. @
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V=85, | CL-x-y") dA = S
g R
Eva\t..ahr\g s itefaded ir\‘reara\ would require

cmsiéera\ble eﬂlﬂ‘-l However' we Can eafress the
whme in ferms ot polar coordnates as
V=5 C\-cDdA
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In -kan.s&rmir\a. a deuble 'r\lrogra\ between,
Cartesian and plar wordinales, the area
element transtorms acd)r.‘\‘rg,-lo the Qomula\

ax 43=AA=relrde



Siggose Shat K and y 9@ expressed as
funckions of +wo other warigbls w and v
b} the equajn‘of\s

A= X(u,V)
3,:3,0.:,\;)

We (ezal‘cl these ec]ualror\s as c(e,\‘\'m'/% a
‘ka(\S-rormaA o (or ma(’ffnzr) Yrom POINS (u,\l)
(N a wv- Grlesian f\ane 1o eoints (Xxj\
in the "y - plane . We .saa ‘hat the
Yansfomatin s oe-1o-ome Jrom the set S
in the wv-—fdane onto the set D in Hhe
Xy - plane pro\n'de:l g

() evay poit in S 3@’6 mar[’aJ to a gointin D.
(ih) every PNt ia D is the waae, of a point
in J) and



GiM) diMeaet pinks in S get vapped 4o
dfferat points n D.

& dhe tronsformation is me-10-one | the
Ae¥\n'\r\¢ar equajdor\s con be solved So- u
and v a3 fncions of Wa(écz,,a:\d Jhe
cesu U«ir\oa, \Wers e fransYormaton )

W= u(y.&)
Vv =V(x,4) IS one—4o-one  from D ontod.

Fe- us agssme thxt the Sunchions
’X(Ul\” and 2'(“\\‘\ nave continsonS st

pardial deivalives and 4hal +he Jpcobian
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he T\Mrll‘ci‘} Funclion Theoren implies thad
the transformadion is one -10-oae near (uv)
and the invese transbormation glso has
conHnuous ,ﬂ'cs—\r ?a('—h'al deriverfives and

nongero  Jacobian sahg&amg,

aCUIV) r— "L on D

d0xy)  2g)
o V)

A ore—to-one transformedion can be el
‘o dransformn Ahe Jdouble Cf\Jreg(al
§§ Fou) dA Ho a dovble inegal owr
O
Yhe corre.S\oor\e\l‘rgr set S in dhe w-plore

WUnder dhe transormerdion | the ird—ezrar\c(
‘F('x,g,\ become S %(u,\l\: ‘FCX(L\IV),%,(U,\I)) :



F the \alie of b isfoed | 24 u=c the
equakions  x=x(c,v) and 3= 4lciv)
defie g patam4rn‘c arve (with v as pomele)
I +he X‘}- flaf\e . This curve s caueé a b-cune
corresponding {o the value u=c. Similarly. | for
fixed v=c the equittins

L=X(uc) and 323(1.-;6)
deflee a @amelric curve (Lith parameler u)
alled 3 U-aurve: Consider e diflemtal
acea element hounded ‘u} the u-curves
Cmfoﬁfa\d\‘f\%‘lo nwz.af\vvf values U aa\J Urdu él\cl
the \—curves corresfonc‘«‘ng, to nearb} valses \ aml
VAdV. Since these cuwves are smooth | o
sma\\ values of du and dv e area eleMGd~
S aee(o'ximalro\} a pardlle\oa(af'\ 4&\J ds area is

Ximade\
apecorim ar A - “?9 X?K\
where P Q and R are the poinds .



The erdr in this approximadion becomes
neyigx’ble compared with dA as du anddv

ageroach 2e0.

¥ ) Now P?;=Jx4'+43..3,d‘9e

2% oX
JX = oM 44..!-" oV 4\,
o o
and 43_35:3“:4..;»‘33:&\/.
“ s+de  However, dv= O along the
e
\o- v-cunve PO | so
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PQ = -g—;dui.+ -gﬁ:elua
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Jer 1=xwyN) ,}--}(u,\l) be a one —10-One
Jcrans%maﬁm feom g domain § in the ,_,V_?lane
oo a domain D in the xy-plame. Suppose
Yrat the funclions x and 4 and their irs
eaHia\ derivalives wrt o and Vv, are confinvors
in S . 1§ -?(7((3\ is integ@able on D, and F
gluiv) = F XV, g(uM)) | Hhey ¢ is inkege
on S and

(x3)
Sbg '81(7(0‘3\ AXJJ, = SSS %r(bl\'\ I 3():“\,) AUJV




