MATHUF & MATH 119

REGITATION 5

Chapier 5 \n‘thRoﬁor\
5.4 Sums and Sigma Notation
5.2 Areas as Llimits of Sums
5.3 The Dedintte \n-legRaL
5.4 tRopendies of Definite Integral

M: let P be a dinite get of Ppoints P § 8oadta.c v XAl Xn] where a=%olxa<... dxoa<xn=b
J Such a cet P is caled a parttion of la:b] . divides lak] o n

0 cubinkrvals of which dbe h is [xiuxil.

The length of i cubimerval is  Axiz X -Xi o e fdn]
Tre norm of dhe partition P s UPN= max Axi

Ay —r X FaLEN
a Xt *Xi - b
)I(|° )‘(‘n
Riemann Sum : let  {6) be a onfinuous Sunclion defired on lab) and P= Ixesxas. Xny be
J a "FQR'“‘ROH o-f [Cub].
A

For oab‘r\qotz:j points on each subindercals e i vl ,
the Riemann Sum of { corregpording Hhe pardrtion T
n
R{, P xi*) = T_‘ £(%), Axi
L-—"
= {(K(') Axiy ¥y AXox - + £ (xa®) Axm.

y=160

Sine § i1s confinuous on [ob] , on each subinterval i-hXi) & has absoluite rmoximum and
minimum values. Thus, there are numbers U and W in Dxicn xd guch Anat

L) € £60 & £lud)  whenever i KX £ Xt

Tre Lower Riemonn Sum of £ + L({/P) = LA Axa+ £(12). Axa+ - + £(s) Axn
[}
_ W A

Ted
The Upper Remann Sum of (- VP o flud. Axa + flua) Axa s

_ 7, . Axd

v=A

e —((un\AX"o



“re Definite lrmegral © Suppose here is exaclly one number T such hat for eveey partition P

of lab] we have LULHP & T € ALEEY ¢ dhen we sayy Arct the funchon § \n—}eg&ab\e on
Tab]l, T s 4he definie inkskal of £ on [ab]

b
1. f {6y dx
a

b
i £ s ihkgkobie on labl , tren lm REP) = gvﬂX\ ax.
n—s n o
ey —0

1.Campuk’, the lower and upper  Riemann sum of 4he {unchion + 60 = sin (T.x) over-the
inderval  [o] uging he Ppartition of [o1] iMo four subintervals of equal lengt.

Solution:

Sketch the gmph of the Afunction {(x)= Sin () over loA] .

Y
3—.s(n(1¥x\ The partition fp;ioli,_},

subintercals of equal length.

| Axi= b-a - 1-0. 4 e each subinteeval.
;‘ h 4 4
i %

%,(ﬁ divides [o0/1] into {our.

T compule lower Rieronn cum , we need o find abselue minimum value of 4 on eath cubintceval.

on Tor4T, 40 5 on [4:4] 96 s on [4:3]5 43) and on [34], S0 are aboolute
minium values of 4. Thus Are lower Riemann cum of § @reespording P s

4
VP = TS0 Axi = £(0 AX1+I(%)Ax:+.((%\ Ax3+ S14) Ax 4

‘:.1

W

5.8 _ =
i(amr(gpq%p{m);Ztr(m;u;zm) 4

To Compute upper Resamn sums we need o find absolute maxirnum value of { on each ¢Ubinteeval -

On [0'{1 ) ((ﬂ L B—r%] , £(3) 5 on [-}»%J , §(4) and on ‘_43_,1], {(%) are absolute

woxium values of . Thus dre  uppes. Riemann um of coufs‘)ofv:\‘us P is

4P = i fluwy Axi = () Axt s ((%) Axa s ((ﬂ Ax3 s f(%\AM

(A @) 4(E3) -4+ 5

4
n



2. Show A4hel for any continuo g inmeoging functionn 40) defired on R suCh that {(0y=0, {(Y4)=2,
1
f(Y2)=4, {(¥4) = 50 and (- 120, we have 4hat 14 < [foadx < 44
©

Soluttort:

Since § 15 a corfinuous funcion , W s imcgrable on [onl.

Moreover, , for every poetition of [04] we have dthe following nequality gine { is integeable.
‘
LGPy ¢ ({m dx ¢ UUY.P)

0

let Poqe4,4,3,

Jj be a pa&‘ciﬁon for YO/‘] and each cubinderval bog \eng*h
Axi =

-0 o 4.
4 4

To write lower Remann sum , sine § is incReosing ue reed to coose left ead pointe of
Subintervals:

1=

4
LGPy = T D Axi = ) Axa+ (L) Axas -‘(%\ Ax3 .+ {(4) Axa

= L (o+2+4450)- 14

To weite Upper Riemann sum, &ine § is inmeasina we reed to choose gt exd ?oizﬁs of
Subinteevals -

4
GOy < 35 fud Axi - £(4) Axts {(4) Aan,I(%)Axu {(H) Axq4

iz

;i(2+4+50+120)= 44

The;ze—( ore 3

A A

P ¢ gﬂx»dx L UHP 5 14« xw\dx < AL




3. Fird a Pard'rhon of [44] iro dwo cubintervals such Anat the lower Riemann sum foR
{te function {60 = Ix| over  L1A] (oreesponding o -hhe pardition 15 2

Solation ;
Y Consider. 4he partition P= §-1.a,1J and assume that
1 e a0
Dn [—1,0] » o) is abgolute minimum value of { and
e on [a, 11, §(a) is abcolute minimum value of f.
a1

Tre lower 2iemann sum of (orrespending o P s
2
OO _ 20 ) Axi = {0 Axty f(0). AXxa

iz=4

= 0. {a-{-0n)+ lal. {1-a) ( Sine ado, (al =a)
- a.-a
2
Q_a:-% = _qal4qa—27—0 = (-%‘4’4)(3&4’2\ .—_O':‘_)- = A OR QO =

Win

4._ Gaculate U£P) and L(£Ph) dor e funchion {x1=x over 4he inerval [04] where
Pr ic dhe partition of [01] into n cubindervals of equal leng)rh Stowo 4ha{

lim UEPA) = i LUGPA) | hence f is ifleqrable over lo]. What is gflx\ ax 7

N—y m n—= N 5 -
Solution;
Y The portition “Ph= s\o._&,_l_,,_‘g-_\‘ii
n n n
A
y=x Axie 20 . 4
i/ noon
) : Since £ i incReOSing , Jo compute U’\)PE’R Riemonn sum fof-
b each subinterval [xi, xi] choose Xi™=x%i - a+ ‘AXL—O-l'_\.. "Lr'-.‘ -
i -
o ¥ ¥4 Right end ?o‘m‘tx to (ompute lower. Riemann Sum -ﬁ)K eoich
subindeeval (x‘\—l, KJ choose %i¥— Xia = a@a (i-1) Axi =04 1=V . A = 1

n n

\eft Qr\o\‘)o‘\n‘t ,

e \ower Riemann Sum o{ £

VP2 3 D AXi= E((\_n_) _‘\r; E(L:i).%: T
v=4 ved A

N

Al

_ L W L GE DI W
n : n*

= r\———'*'& — =
an

A
N an




Tre UppeR. Riermann Sum of § -
n n o L)
— . . . . - 2
WEPY s Tt axi- LAV L= L) - 4= L Lo~ 4 20 nin
jd - ) L B 2 2n
0
. ; N4 n (- Yo ks
lis. LAY = an fiy Gl . 4&-— nusy lin WS, PaY = lima LULPR)
N> %o A=y %o hsoo 2N & K ) e
1 -
N1+
ik (L Pa)=  lim ‘EE = lim ( “'-‘\ ——}L
n—y % n—»ne 207 Ao 30‘1
For eveey n »  LUP) ¢ lim UHHPA) - A ond WP Y lim LGP = i i there
n - l n—> o
exists @ number T cuch that LAY LT L UAP) for al P T = &
L
Trus;  (foad% = i
A
o
5. Express the —{ohmr\\zj limts as  defiode ir\kﬂeo\s
n
' 2| 2
(@) lim L o h('\+ n\
N—00 V=4
n
(B ten Y ?.1
: N+
nayno =
Solution: %:, b( \
) X i {(xi*) Axi = {(x)ax
\f feo s inteqrable on Tab], Hor any parfifion P, :f:ooku'f)" )—r:':‘y.\,_ﬂ N

n
(@ lim Y % ) (1 &2‘:“\
=4

Axi $0xi*)
b_a=2 , Choose {6)= In % which ¢ in-kaRab\e (m«ﬁnuouS\of\ R

N=¥ Do

n
*‘*=a+\AxL—_a+:%;k+% > a=1 & b=3 ,
n
n
_ , <72 - : £0Y . Axt — ((Iex)dx
\hus lim. ),_, .- I (4* %) - lm 24 ! g( )
| n>n '= 1




n ~
1 A ,‘
B B2, e 1o e DA A
Awne =1 N n-» o T &LL(_L)\ NS s oA 4(\'\)
Axi £ (a¥)
Ao b=t o4 > boa=21, Choose fbao S ikizh s '\n-\csmb\ﬂ on R .
n n ‘+>(1
XKoL D aah Axi= L 5 a=0 & b=z=1
n n
n N 1
‘ .
"F\US' \\I”n E L = \im Z, ‘F(Xi“)_AXl - & _‘_1 Ax
) i nai* Yo A 1+ x
LA n (-3
Ny >0

4

‘T guch Ahat ( f60dx = 2

o

6. let £ and q be pogiﬁm Jdalwed corfinuous funchons on lo,

A \ .
and ( g dx = 3. Show ot 3 < ( J(Jm)ﬂ (g(m\l dx ¢ 9.
0

°

tSolution:

Obseeve \hat  (fGaY+ ( qlx\\l & ({6 g(X))l so

\/({(x))2+(3(x\){‘ < /({m; g(x\\i‘ = 1 {6+ g0a] = 6+ q069 Sine { & g are poceive valued
functions

i L 1 1 \
So s J({(x\\h (lex\);l Ax £ ( ((M+g(s<‘>\ dx - S{(x\dx & gcj(x\dx = 24 8=8 ,

(o] 0 © o

Moreover J(q(x\)l = qK K\/({M\)»f (46 o we have

A A 1
(geads < ( Jigeoy’s (369 dv o 3 ¢ ([ (soas (gooy Cdx
v}

o

4
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