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(12 pts) 1. Let G = {zx € R: —1 < x < 1}. Consider the binary operation *x on G given by

for all z,y € G. You are given that the binary operation * is associative. Show that G is a group and
is abelian, with respect to the binary operation .

Since we are already given that x is associative, we check the other properties. Note'that 0°€ GYand

moreover, for every x € G, we have that

0% 0+« T
T = =—=x
14 0x 1
and
0 z10 z T
rx() = = — =
1420 1

Thus, 0 is the identity element of the binary operation *.. Now, let x € G. Then, —1 < z < 1 and so
—1 < —x < 1, which means that —x € G. Moreover, wedhave that

r+(-x) 0 (22) + =

14 z(-z) L2

=(—x)*x

Therefore, —z is the inverse of x with respeétito *. Sinee % is associative, has an identity in G and every
element in G has an inverse with respectsto *, weyhave that G is a group with respect to x. We now check
that (G, x) is abelian. Let z,y € G. Then we have that

OEY Yyt
1+zy 1+yzx

TxyY = =y*zT

Therefore, (G, *) is abelian.



(6 pts) 2. By writing f as a product of transpositions, determine whether the following permutation in

Sy is even or odd. 1 2 3 4 5 6 7 8 9

=17 1 5 8 3 4 2 9 6

We have that f = (172)(35)(4896) = (12)(17)(35)(46)(49)(48) and hence f is even since it is a product

of even number of transpositions.

(4+4+4+4+4 pts) 3. Let G be a group and let e denote the identity element of G. Suppose that there
exists a positive integer n such that (zy)™ = z"y" for all z,y € G. Consider the following subsets

H={z":2€G} and K={xeG:z" =¢}
You are given that H is a subgroup of G.

a) Show that K is a subgroup of G and is normal.

Note that e” = e and so e € K, which means that K # 0. Now, let z,y € K. Then, by iti
2" = e and y" = e, which means that y~™ = (y~!)" = e. It then follows from the given as pt1 at
(zy= 1) = 2" (y~1)" = e and so xzy~ ' € K. Therefore, K is a subgroup of G.

To prove that K is normal, let g € G and k € K. Then, e = k™ and
(gkg™")" = (gkg™")(gkg™") ... (gkg™") = gk"g™" =

and so gkg~! € K. This shows that K is normal in G.

b) Show that the map ¢ : G/K — H given by ¢(xK) = 2" is

Let z,y € G be such that zK = yK. Then zy~! € K and
e = (xy—l)n — mn(y—l)n — xny—n — xn(yn)—l and
well-defined.

en, by the given assumption,
s, p(zK) = p(yK). Thus, ¢ is

¢) Show that ¢ is an epimorphism.
Let zK,yK € G/K. Then we have tha

peK - yK) =

et h hen, by the definition of H, there exists g € G such that

"™ = h. Therefore, ¢ is onto and so is an epimorphism.

Thus, ¢ is a homomorphism.

h =g". Then, gK € G/ )

d) Find the kernel of

Let gK € ker = e. Then, by definition, g" = e and so g € K. This means that
gK = K, which i i of G/K. Thus, the kernel of ¢ is {K}.

e) Is p an isomorphis Explain your answer.

The kernel of ¢ is the trivial subgroup by part d and hence ¢ is one-to-one. By part ¢, ¢ is an epimorphism.
Thus, being a one-to-one epimorphism, ¢ is an isomorphism.



(6+6 pts) 4. Consider the polynomials f(z) = 22> + x and g(z) = 22 + = + 1 in Z3[x].

a) Find the greatest common divisor d(x) of f(x) and g(z) in Zg[z]. Show your work.

Applying Euclidean algorithm for polynomials, we can get that

fl@)=g9@)2z+1)+ (z+2)
g(@)=(z+2)(x+2)+0

Since x + 2 is monic, the greatest common divisor of f(z) and g(x) is d(z) = = + 2.
b) Find polynomials p(z), ¢(x) € Zs[z] such that d(z) = f(z)p(z) + g(z)g(z). Show your work.

Using the computations in part a, one gets that

d(z) = (z+2) = f(z) — g(z)(2z + 1)
() - 14+ g(x)(—2z-1)
() 14+ g(x)(z+2)

f
f

(6 pts) 5. Let p > 1 be an integer with the property that for all a,b € Z, if p|
that p is prime.

Assume towards a contradiction that p is not prime. Then, by d on, there exists 1 < a,b < p such

that p = ab. But then, p | p = ab, however, p{ a and p 1 b_sind < p. This contradicts the given

8

assumption.



(6+6 pts) 6. Consider the set of polynomials I = {f(z) € Z[z] : f(0) is even}.

a) Show that I is an ideal of Z[x].

Clearly, that the zero polynomial is in I and hence I # (). Now, let f(z),g(x) € I. Then, by definition,
£(0) and ¢(0) are even. It follows that f(0) — g(0) is even and so the polynomial f(z) — g(x) is in I.

Now, let f(x) € I and g(x) € Z[z]. Then, f(0) is even and so f(0)g(0) = g(0)f(0) is even. It follows that
the polynomials f(z)g(x) and g(x)f(z) are in I. This completes the proof that I is an ideal of Z[z].

b) Show that for every f(z) € I, there exists g(x), h(x) € Z[z] such that f(z) =z - g(z) + 2 - h(x).

Let f(z) = ao + a12' + agx® + -+ + a,2™ € I. Then, by definition, f(0) = ag is even, that is, ag =
for some k € Z. Set h(z) = k and g(z) = a1 + asx! + -+ + a,z" 1. Tt then follows that

f(x) = ag + a1z’ + asx® 4+ - + apx™ = ao + x(ay + agx’ + -+ apz™ ) =2 h(z) +

(3+3+3+8 pts) 7. Let R = {x,y,z,t}. You are given the fact that R is a comm
respect to the addition 4+ and the multiplication * whose tables are given below.

Yy T

Solution 1. Since t
integral domainssare fields and hence R is a field

OR

Solution 2. It suffices to show that every non-zero element has a multiplicative inverse. It follows from
the multiplication table that y *y = y and z x¢t = t x 2 = y. That is, y is the multiplicative inverse of
itself, and ¢ and z are multiplicative inverses of each other. So every non-zero element has a multiplicative

inverse. This means that R is a field.



