Department of Mathematics, METU, MATH 116 - BASIC ALGEBRAIC STRUCTURES

SECOND MIDTERM

6th May 2016. Duration : 100 minutes.
Three questions : (12 +5+3) + 10+ 10, 20+ 10+ 5,7 + (5 + 3) + 10
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1. (A) Show ! that the set

_ z Y
R—{[O z] ’x,y,zEZ}

of 2 x 2 matrices constitute a ring under the usual addition and multiplication of matrices.
Show that R is not a commutative ring but it has a multiplicative identity.

(B) Prove that the set
{[5 3] nes)

([ 2] o)

is an ideal in R.

(C) Is

an ideal in R 7
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(b)ftgﬂi“/ to show thal T is o subring b is sufficient to note thal
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1Tt may be assumed that matrix addition is associative and commutative and admits the zero matrix
as identity and that the matrix multiplication is associative and distributive over addition.
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2. Consider the binary operations & and ® on Z defined for each z,y € Z by

zt@y=z+y—1 and zOy=z+y-—zyY

(A) Prove that Z constitutes an integral domain with respect to the binary operations
® and ©.

(B) Let ¢ : Z — Z be the map defined for each z € Z by

plz)=1-=z.

Prove that ¢ is an isomorphism from the ring on Z with respect to @ and © to the ring
on Z with the ordinary addition and multiplication.

(C) Is Z with respect to @ and © a field ?
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3. Consider

a:(1234):{; § i ‘11}634,ﬁ:(14)(23)=[i 3 g ﬂes‘*

where Sy is the of permutations of the set {1,2, 3,4} . Notice that a8 = fa3, o?8 = Ba?,
a3B = Ba hence

G= {I,a,aZ,a3,5, aﬁ,a%,a?’ﬁ}

is a group under the binary operation of composition of permutations. By a simple
inspection it is seen that H = {I,ﬁ} and K = {I,aQ,B, a2,8} are subgroups of G .

(A) Prove K is a normal subgroup of G .

(B) Prove that H is not a normal subgroup of G. What is the index of H in G ?

(C) Show that £? € K for any £ € G.
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Alfernatively , onebive thet K ous a4 growr of ndex 2 hence | porma
——-"—"’"“'—"—"

)

I

("J) %d'rq} = Ha # « H ={o(/°(()} ,Tl‘uc‘:orc H nob norma

(C) K has index 2. Tl\cre(:cu. G"/ Conbaing 7 ¢"m“h,
K . 1
it (o“sw\ thal for any zéﬁ. ) (IK) - ; K = K

henee f" e K.



