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Question 1 (20 pts.) For each of the following statements write T or
F inside the parenthesis if the statement is true or false respectively.

(O (T An element = in 2 ring R is celled idempotent if % = z. The only
idempotents in an integral domain are 0 and 1. w(x ) =0 A3 xmo o A=l
(2) (F) Let H and K be subgroups of G then HK is also a subgroup of G. RHK i> a sog &2

(3) (F)

Suppose that a and b are elements of finite order in a group. Then HK = KH

o(d) = lom (o(a), o(b)) -
(4) (T) Let m =lem(a,b) and d = ged{u, b) where a and b are positive
integers. Then dm == ab.

5 (F) f(z)=2a*+ 23:2 +lisan irreducible polynomial over R.
- (8) (T") Thereis no'Solution to the equation 7z = 2(mod 28). S¥x =3 tlamd ¥

K £

(7) (7) If D is an integral domsin, then Diz] is also an integral domain.
(8) (F) The group (Zig,+) has exactly five distinct subgroups.
(9) {(F) (Z,+,) is a field. £

(10) (T) Every subgroup of a cyclic group is normal.
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Question 2 (20 pts.) For the polynomials

flz)=32"+2 and g(x)=x*+5x"+2x+2 in Zy[x]

(s) Find the greatest common divisor d{z) of f(z) and g(z) in Z[z].
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(b) Find s(z) and t(z) in Z[z] such that d(z) = f(w)s(z) + g(z)t(z).
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Question 3 (20 pts.) Given f(z) = z* — 62° +10a% + 2z — 185 over Cla}
with oot 2 +4. Factorize f{z) over R and C.
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Question 4 ( 20 pts.)

(a) Let a and b be elements of a finite group G. Prove that o and bab’"l
have the same order.

o)—‘a"‘ e} (Cl) = Y Qf\cl o Cf:,cfg‘) = Y, Tf\@f\ o = . ma’\,k‘i
-1\ ( -»l) L ! (..\E-@:) ;ﬂ )
R R R o o
(ol ) . b K - bek e %(m N
v T T L

(b) Assume that H is a cyclic group of order p 2 where p and g are prime
nurnbers. Find the numbeér of all distinct subgroups of H. Give an
explanation, ~o q .
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Question 5 ( 20 pts.) Let T3(Z) = { {g i]

of all upper triangular matrices over Z.

(a) Prove that I = { [g :]

DI 6t _m‘i':f';rbf’ of R: xsg 7

a,b,c & Z} be the ring

T,y € Z} is an ideal of Tx(Z).
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(b) Find the quotient ring T3(Z)/I and construct an isomorphism,
v To(ZY/I — Z,
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