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(8+2+2=12 pts) 1. Consider the relation ~ on R? given by

(1, 91) ~ (2, 92) if and only if 21 - y1 = 2 -y
for all (z1,y1), (z2,y2) € R2.
(a) Show that ~ is an equivalence relation.

Let (z,y) € R%. Then z -y = z -y and hence, (z,y) ~ (z,y). Therefore ~ is reflexive:

Let (z,y),(Z,9) € R? Assume that (z,y) ~ (Z,79). Then, by definitiony, z ~#*=p# - y and hence,
T -y = z -y which shows that (&,7) ~ (z,y). Therefore ~ is symmetric.

Let (z,y),(%,9),(T,y) € R% Assume that (z,y) ~ (Z,9) and (%,%) ~ (Z,y). Then, by definition,
r-y=2-gand -9 =7 7. It follows that z -t = 7 -y &nd Henee, {z,y) ~ (Z,7). Therefore ~ is
transitive, which completes the proof that ~ is an equivalence relation.

(b) Describe the set [(0,0)] in the plane R? geometrically.

[(0,0)] = {(x,y) € R?: (0,0) ~ (2,y)} = {(zag) QNR* "Wy = 0} = {(2,y) € R? : 2 =0 ory = 0}
Therefore [(0,0)] is the union of the coordimate axes R

(¢) Find (a,b) € R? such that [(a,b)] = {(m,y) eER? | y= ;}

(2, D] = {(z,y) e RY: (2,1) ~Ng )y = {(z,9) ER* 12y =2} = {(:U,y) € R’

Choose (a,b) = (2,1). Then we have that

g
y=-
T

(6 pts) 2. Let Abe asetand £ : A — A be a function. Show that if f has a left inverse, then f o f
also has a left invetse.

Solution It Assufie,that f has a left inverse, say, g : A — A is a left inverse for f, that is, go f = 14.
Consider the map gog: A — A. Then, for any x € A, we have that

((gog)o(fof))x)=1(909)((fof)z))
= (gog)(f(f(z)))
=9(g(f(f(2)))) = g((go /) (f(2))) = g(1a(f(2))) = g(f(z)) = (g o f)(z) = 1a(z)

Therefore g o g is a left inverse for f o f.

Solution II: Assume that f has a left inverse. Then f is one-to-one. Consequently, f o f is one-to-one
and hence, has a left inverse.



(3+3+5=11 pts) 3. Let f: NxN — Z be the function defined by f(m,n) =m—mn for all m,n € N.
(a) Is f injective? Explain.

f(1,1) = f(2,2) = 0 but (1,1) # (2,2). Therefore f is not one-to-one.
(b) Is f surjective? Explain.

Let k € Z. Choose (m,n) = (k+1,1) € NxNif k > 0; and choose (m,n) = (1,1—k) € Nlefk < 0.
Then, if &k > 0, then f(m,n) = f(k+1,1) = k; and if k < 0, then f(m,n) = f(1,1-k) = 1—(1—k) = k.
Hence f(m,n) = k. It follows that f is surjective.

(c) Does f have a right inverse? If so, find a right inverse for f. If not, explain why f does n6t have a
right inverse.

Since f is surjective, then f has a right inverse. We shall now find this right inverse. €omsider theynap
g:7Z — N x N given by
E+1,1) iftk>0
g(k) = ( )
(LL1—-k) ifk<O
)

Let k € Z. If k > 0, then we have (f og)(k) = f(g(k)) = f(k+ 1,1) = F% 1™m=k If £ < 0, then
we have (fog)(k) = f(g(k)) = f(1,1—k) =1— (1 —k) = k. Therefore, (f oq)(k) =k = 1z(k), which
shows that ¢ is a right inverse for f.

(6 pts) 4. Let A be a set and let R be a relation on A with"théfellowing properties:
e R is reflexive
o Forany z,y,z € A, if xRy and yRz, then zRx.

Prove that R is an equivalence relation.

We need to show that R is reflexive, symmmeteic and trapSitive. That R is reflexive is given as the first
assumption. Let x,y € A. Assume that\rRy. "As R is reflexive, t Rx. Then, since x Rx and xRy, by
the second assumption, we have that y¥Rx. Thus R’is symmetric.

Now let x,y, z € A. Assume that TRy and yRz. Then, by the second assumption, we have zRz. As R
is symmetric, this gives xRe. Thus RYs tramsitive, which completes the proof that R is an equivalence
relation.

(5 pts) 5. Let A= {1,2,3,4)5} and’let f: A — A be a function with the following properties:

—1({1,2,3}]) = {4,5}
@3N =
3. f(4) #1
({1}) #
5. f({1,2})
“({5))

Find the values:

f1) =4 f2) =4 fB)=4 f(4) =2 f6) =1

(For this part only, you DO NOT need to justify your answer.)

0
{4}
0
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o Forany z,y,z € A, if xRy and yRz, then zRx.
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We need to show that R is reflexive, symmmeteic and trapSitive. That R is reflexive is given as the first
assumption. Let x,y € A. Assume that\rRy. "As R is reflexive, t Rx. Then, since x Rx and xRy, by
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(5 pts) 5. Let A= {1,2,3,435} and’let g : A — A be a function with the following properties:

1. g7 ({3,4,5}) = {1,2}

2. g ({31) =90

3. 9(2) #5

4. g7 ({5} ) Kb
5. 9({4,5}) = {2}
6. g ({1}) =10

Find the values:

g(1) =5 9(2) =4 9(3) =2 g(4) =2 9(5) =2

(For this part only, you DO NOT need to justify your answer.)



