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(3+3 pts) 1. Consider the set A = {1,2,{1},{1,2},{1,2,3}}. Find the following sets:

o A-P(A)=1{1,2,{1,2,3}}

e AUP({1,2}) =1{0,1,2,{1},{2},{1,2},{1,2,3}}

(10 pts) 2. Let A, B,C be sets. Prove that
(ANB)CC ifandonlyif (A-C)N(B=C)=1

(WARNING: Drawing Venn diagrams is not a proof!)

e (=) We shall prove this direction a proof by contzépesitive.
Suppose that (A—C)N(B—C) # 0. This meas that there exists an element a € (A—C)N(B—C).
So,a € A—C and a € B — C. This implies'that « € A and’a € B, but a ¢ C. Hence, a € AN B
but a ¢ C. Therefore (AN B) € C.

e (<) We shall also prove this direction a preof by centrapositive.
Suppose that (AN B) € C. This\means that there exists an element a € A N B such that a ¢ C.

So,a € A and a € B, but gg¢ C. It themfollows from the definition of set difference that a € A—C
and a € B—C. Consequently, we haye that a € (A—C)N(B—C) and hence (A—C)N(B—C) # (.



(3+4 pts) 3. Consider the statement:

For any integer m and for any integer n, if m is even and n is odd, then mn + n is odd.

The following is an incorrect proof of this statement:

Proof: Let m be an integer and let n = m+1. Assume that m is even and n is odd. By assumption, since
n is odd, n = 2k + 1 for some integer k. It follows that mn+n=(m+1)-n=n-n=(2k+1)(2k+1) =
4k* + 4k + 1 = 2(2k* + 2k) + 1. Hence mn + n is odd. O

a) Find the mistake in this incorrect proof and explain why it is incorrect.

The statement asserts that the conclusion is true for any integers m and n. In the proof, m is arbitrarily
chosen arbitrarily but the integer n is chosen as the successor of m and hence not arbitrary. Consequently,

this proof shows that the conclusion is true for any two consecutive integers, and not for arbitrary integers,

b) Write a correct proof of this statement.

Let m and n be integers. Assume that m is even and n is odd. Then, by definition, ther
k,¢ such that m = 2k and n = 2¢ + 1. Hence, mn +n = (2k)(20+ 1) + 20+ 1 = 2(2
follows that mn + n is odd.

(8+4 pts) 4. Let x,y be integers.

a) Prove the following statement by a direct proof: If x is even or y 4 divides z2 - y2.
Suppose that = or y is even. We split into two cases.

Case 1, z is even: This means x = 2k for some integer k& So, x* k)? - y? = 4(k*y?). Hence, 4
divides 22 - y2.

Case 2, y is even: This means y = 2m for some i r m. So, @2¥y? = 2% (2m)? = 4(2®>m?). Hence, 4
divides 22 - y2.

In both cases, we have that 4 divides z%- .

b) Prove the following v a proof by contrapositive: If 4 divides 22 - 42, then z is even or

y is even.

We shall prove the contrapositive of the statement, that is, if x is odd and y is odd, then 4 does not

divide 2 - 2.

Suppose that x and y are odd integers. Then, by definition, = 2i 4+ 1 for some integer ¢ and y = 2j + 1
for some integer j. It follows that 2% - y? = (20 + 1)%(2j + 1)? = (42 +4i + 1)(452 + 45 + 1) =
4(4(i% +0) (5% + ) + (12 +4) + (j2 + 7)) + 1 and so 22 - y?> = 4p + 1 for some integer p. If it were the
case that 4 divides 22 - 42, then we would have that 22 - 42 = 4q for some integer ¢ and so we would have
4(q — p) = 1 for some integers p and ¢, which is a contradiction, since 4 does not divide 1. Hence, 4 does

not divide z? - y2.



