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1.(12 pts.) Whrite down the definitions of a splitting field, a normal field extension, and a separable

element of an algebraic field extension. . :
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2.(12 pts.) Let o € L be a oot of 27 + /3z* + iz® + V5 4 2 where L is & field extension of Q. Show
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3(2x7pts) a) Let 8= v/2+ v2 € R. Find the minimal polynomlal Fof B over Q.
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‘ b) Show that L= @(,ﬁ') is a sphttlng feld of f over Q
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. "(14 pts.) Show that Q(v/3, ¥/5) is not a splitting field of any f € Q[z] over Q.
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5.(6 4 10 pts.) a) Write down a basis of L = Q(v/2,7) over @ considering it as a vector space.
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b) What is the condition on k € @ such that o = kv2+iisa pnnutlve element of the extension Q@ C L
(that is, L = Q(a)). (Hint: Use the basis from part & and use lincar algebra)
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6.(44- 64 6 pts.) Let F be a field of characteristic p > 0 and assume that f = 22 —z + ¢ € Flz]
irreducible over F. ‘

a) Show that f is separable over F.
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7(2 %8 ptS.) Let L = Q(\‘?/?;, gﬁ) where Cﬁ = e% cC.
a) For a o € Gal(L/Q), list the possible values of ¢(¥/3) and o((s).
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b) How many elements does the Galois group Gel(L/Q) have?
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8. (Bonus: 10 pis.) Vor a field F of characteristic p > 0, the Frobeneous map ¢ : ¥ — F is defined by

@(z) = «¥, and it is a field homomorphism.
Assuming that ¢ : ' — F' is onto, prove that any irreducible polynomial f € F[z] is separable over F.
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