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Question 1 (9+4-+5 pts) For the function
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a) Find all poles of f(z). What are the orders of these poles, and what are the residues of f(z) at these

poles? | 7 )
0, z=! 2= 3 2= -3i. Shee Zgws%kma{jﬁé a1 2= a
{)[2\9 (S mo!:g!x(, evemw‘nere {?,»N;P-; 2= z=1, > -
Vi re gV
1% \ ) 7[’ foS @ Iao(e 07[, ordzr 2 ot z=0 )
_’Z’_«ﬂ_ is cl\O:BJP( ot ’:’ 1 with T—é:gﬂf
; > b
z ) 21(2%«63’(21”}‘&( ) zo’;: 2 ioo
Zz24 = sl = - ——
o ‘?5 z-$ (2-1)(Z 3} ‘\2*5“2:1 N
2= {\) 1 0 ‘(‘ hoS
‘L 5 é:—, Q‘l .a-/z: WI%’L\ QM’ZI
tuwle of 2=3 ond A I S [3' H 4 s .
Since 25605%. EIAAN - l}‘&%2’§ 224 ;_/:;é’. i25-%
. z Res Y 3\) (—g o
Réj %G’g 71 . 3(—5 2
. | g—f\ otides 1 [5.mp¥e poée} ot 2=2i wik 3 (2-1) P *}” @7, . e
) ‘m e . : Poge ]
hot &390 |
° L 'z vJ 2= =37 od 2_4/1— A cﬁgiuf@gfl ;';3,' wm‘) (3 £+ $o P L O 1 x\ ’lﬁj" : ;2: ‘
Hv\oelg zb(o)%’é" @maj 2 - 173 ~J (3T (éa poy L2 = f,%_;:f ) S OrINTE
z=-3 g el .y

b) Does f(z) have other singular points except for its poles? If so, what type of singular points are they,

and what are the residues of f(z) at these point(s)? Nl e
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c) Evaluate the contour integral [, f(z)dz where C is the circle |2| = 2 oriented counter-clockwise.

\ , 16\ 327
[fw0e - 2”“(&@ fro « Koy e = 200 e )7 T
. 7 =0 Zz=

.3 Re
2




Question 2 (1048 pts) Let f(z) be the linear fractional transformation such that f(1) = 2i,

f(20) = =i, f(=i) =1 AR use C{o&s%‘i\b
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(b) Show that fo f of(z) = z for all z in the domain of f. ~~~ odan £
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Question 3 (949 pts) a) Write down f(z) = —XPL(——/——;—— as a product of two Laurent
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b) Let g(z) = sin(z) and h(z) = z¢'(z). Using Taylor series, calculate h 3 (0).
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Question 4 (10 pts) Suppose that f(z) is an analytic function on the open unit disk
D such that for any z € D — {0}, |f(2)] < |sin(1/z)| holds. Show that f must be the

constant 0 function. (Hint: Can you find any z € D such that f(z) = 07)
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Question 5 (18 pts) Use residues to find the Cauchy principal value of the improper

* 1
integral / mdm. (Hint: Integrate a suitably chosen function on a suitable
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Question 6 (5+13 pts)
(a # b) and calculate the residue of f(z) at 0.
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b) Derive the integration formula
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by considering the contour integral of f(z) =
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a) Show that 0 is a simple pole of f(z) =

bz
where
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(a>0,b>0)

on the indented path Cr+L;+C,+

L, as shown in the figure. You will need to use the residue(s) of f(z) in your calculations.




