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1.(15 pts.) It is given that the set R = {

[
a b

0 c

]
| a, b, c ∈ Z } is a ring with respect to

matrix addition and matrix multiplication. Show that I = {

[
a b

0 0

]
| a, b ∈ Z } is an ideal of R.



2.(15 pts.) Let R = {

[
a b

0 c

]
| a, b, c ∈ Q } and S = Q (the set of rational numbers). Define the

map α : R −→ S

by setting α(

[
a b

0 c

]
) = a− c. Is α a ring homomorphism? Explain your reasoning.

3. (15 pts.) Let R = {[0], [2], [4], [6], [8]} ⊂ Z10. It is given that R is a ring under addition and

multiplication modulo 10.

(i) Find the unity (multiplicative identity) of R, if any.

(ii) Is R an integral domain? Explain why.

(iii) Is R a field? Explain why.
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4. (15 pts.) In Z5[x], let f(x) = 3x5 − 2x4 − x3 − x+ 1 and g(x) = 2x2 + 3x+ 1.

(i) Find polynomials q(x) and r(x) in Z5[x] such that f(x) = q(x)g(x) + r(x) where the degree of r(x)

is at most 1.

(ii) Find gcd(f(x), g(x)).
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5. (20 pts.) Let G = Z20 and let H = 〈[4]〉.
(i)Find the distinct left cosets of the subgroup H in the group G.

(ii) Find the order of the element [6] +H in the quotient group G/H.

(iii) Is G/H cyclic? Explain why.
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