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1. (5+5+5+5 pts.) Consider the hyperbola whose foci are F(4,4), F'(—4,—4) and eccentricity is
e=2.
(a) Find the center C.

C (0,0).

(b) Write an equation for the axis £ of the hyperbola.
( : ’H =N

(c¢) Find the intersections G and G’ of £ with the directrices d and d’, respectively.
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(d) Find the xy-equation of the hyperbola.

d: Y4 a4 = y+rr-2=0
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2. (3+2+3+6+6 pts.) Let S be a surface with the equation 4(z — 1)2 + 9(z — 3)*> = (y — 4)*.
(a) Identify the surface S. What type of a quadratic surface is S7 (Explain).
@17 (-3 _ -4

Solution : 4(z — 1)® + 9(z — 3)®> = (y — 4)? can be rewritten as 5 1 36

which is an equation of an elliptic cone.

(b) Describe the plane section of S by the plane P : y = 4, ie. find SN Ps.

_12 _32 _42 _12
Solution : Insert y = 4 into (= 9) +(z 4) :(y36) to get (z—1)

9 + (2 _43)2 = 0 which implies

z=1 z=3 Thus SNP; ={(1,4,3)}.

(c) Describe the plane section of S by the plane Py : z = 1.

Solution : Insert £ = 1 into 4(z —1)2+9(z - 3)* = (y — 4)* to get z=3 = %(y —4). In other words
13—y
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5
S M Py consists of two intersecting lines z = % and z

Write the type and find the eccentricity e of the conic C which is the intersection of the given surface
with each of the following planes (In each case write the equation of the conic in its simplest form):

(d)y=6

z — 3)2
Solution : Insert y = 6 into 4(z — 1)®+9(z — 3)? = (y — 4)? which implies (z — 1)% + ( )

— 1. Thi
479 ®

is an ellipse equation with a = 1 and b = 2/3. Since b = av/1 — e? we have e = V/5/3.

(e) z=4
—4)? - 1)?
Solution : Insert z = 4 into 4(z — 1)*>+9(z — 3)? = (y— 4)* which implies € g Y _ (I9/4) = 1. This

is a hyperbola equation with a = 3 and b = 3/2. Since b = a+/e% — 1 we have e = v/5/2.

3. (1446 pts.) Let S be a conic with the equation 2% +2/2xy + 3y? = 1.
(a) Find cos o and sin « such that 0 < o < 7/2 and when zy-coordinate system is rotated by o radians
to obtain Zy-coordinate system, the equation of S has no Zg-term. Morcover write down z and y in terms

of Z and 7. A”C— 2-3 N Q(a(é.j}:
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(b) Write down the equation of S in terms of the (Z, ) coordinates. 2
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4. (647+7 pts.) Let £ be a line and P be a plane in 3-space. P and () are

5.5’ 2 (2T 220
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said to be symmetric

(partners of each other) about the line £ if £ is a perpendicular bisector of the segment [PQ]. P and @
are said to be symmetric (partners of each other) about the plane P if P is perpendicular to the segment
[PQ] and bisects it. Let P(4,2,8) be a point. Find the symmetric partner @ of P with respect to

(a) the point M(2,4,6) Let Gla,b,c)
M is the midpoiny of P§ -

el 2, bek ,9’;_3-.6
2
(b) the plane P : z =10
&(7(0)118) end o*H _10 =2 %o =10
e & (e 2,%8).
2
(c) the line £: (z,y, 2z) = (4,2,4) + t(1,1,0) for t € R. —> —
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5. (10410 pts.)
(a) Write the equation of the ellipse with foci F3(3,0), F»(—3,0) and minor axis (diameter) 8 units long.

Solution: Note that the foci lie on the z-axis and they are symmetric with respect to the origin. Hence,

the equation of the ellipse should be

2 2
2TE =t

with b = av/1 — €2 and the foci at the points (ae,0) and (—ae, 0).

Since the minor axis is 8 units long, we have b = 4. Then, ae = 3 and a\/1 — €2 = 4. This gives

_e _3
Vi—er 4

Solving, we get e = 3/5 and hence a = 5. Therefore, the equation of the ellipse is

(b) Find the value(s) of m so that the plane P : 4+ z = m touches ( l.e. intersects at one point) the
sphere z2 + 2 + 22 = 4.

Solution: The equation of the plane P gives z = m — 2. In order for P to intersect the sphere
22 + 4% + 22 = 4 at one point, the equation
22 +y*+ (m—2)* =4
must have ezactly one solution. Expanding, we get
x2+y2+m2~2mx+x2 =4,

and simplifying, we get
222 — 2mx 4+ y? = 4 —m?.

After completing the square, we get
2(x —m/2)? +y*> =4 —m?/2.

In order for this equation to have ezactly one solution, the number on the right must be zero. Hence,

and this gives



