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Convergence of a series
We say that the series ) - ; a, converges to the sum s, and we write

o

Z ap =s, Thus, a series converges if and only if the sequence of its partial sums converges.

L Similarly, a series is said to diverge to infinity, diverge to negative infinity, or simply
diverge if its sequence of partial sums does so.

if lim,— 00 55 = s, where s, is the nth partial sum of Y 2, a,:

n
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2. Let a, > 0 and a,, < a9, + azy41 for all n. Then show that Z a,, diverges.
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—) If Z;‘;l a, converges, then lim,,_, o a, = 0. Therefore, if lim,_, o, a, does not exist,
or'exists but 1s not zero, then the series Y .- | a, is divergent. (This amounts to an nth

term test for divergence of a series.

o0 o0
3. Show that if Z a, converges, then Z cos(a, ) diverges.
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4. Find the sum of the following series. lrlc &
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The integral test
—>  Theintegral tes

Suppose that a, = f(n), where f is positive, continuous, and nonincreasing on an
interval [N, oo) for some positive integer N. Then

Y a,  and /oof(t)dt
n=1 N

either both converge or both diverge to infinity.

—/ i _p_i 1 [ convergesif p > 1 p Aest
e § “eting diverges to infinity if p < 1. 7z
_,_) A comparison test

Let {a,} and {b,} be sequences for which there exists a positive constant K such that,
ultimately, 0 < a, < Kb,,.

(a) If the series Y - | b, converges, then so does the series Y oo | ay.

(b) If the series tho:] a, diverges to infinity, then so does the series Z:o:l b,.

—) A limit comparison test

Suppose that {a, } and {b,} are positive sequences and that

where L is either a nonnegative finite number or 4oc.
(a) If L < ocand Z;’,o:, b, converges, then Z?f__ | an also converges.

(b) If L > Oand > o2 | b, diverges to infinity, then so does ) _,~ | ay.

— The ratio test
Suppose that a,, > 0 (ultimately) and that p = lim 2

n—>oo a,

l . .
exists or 1S +00.

(a) If 0 < p < 1,then Y o2 | a, converges.
(b) If 1 < p < o0, then lim,_, 5 a, = 00 and 3 | a, diverges to infinity.

(c) If p = 1, this test gives no information; the series may either converge or diverge
to infinity.

), The root test

Suppose that a,, > 0 (ultimately) and that o = limy s o0 (@, ) /7 exists or is +o00.
(a) If0 <o < 1,then Y o2, a, converges.

(b) If 1 <o < oo, then lim;, . o0 @, = 00 and Zif; a, diverges to infinity.

(c) If o = 1, this test gives no information; the series may either converge or diverge
to infinity.



5. Test the following series for convergence  w e vse 4he lia oA
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6. Test the following series for convergence
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