MATH 119 _ CALCULUS Wit ANADTTIC GEOMETRY

RECITATION 9 & 10

e Bagic Area Problern ; +ow +o {ind {he omea of +he necj‘lon R lying urder H#e gRoph, of 3-_.(00 7
y .

* Tidde [ab] info A subllervals:

91_{(;()

Q- XodX1¢X1{.. (% =Xn=b

Let AXi= Xi-%i1  be +re tengtr of

each cubirerval.

If_ii.' o Tor each subinterval boald a Rfctan.ale whose
o i X base lengh is Axi and height is {(x).
Wy K1
a i,’. (% can be any peint of Txi-nxild)
o xn
n

Tre approxirate area of R is Sri= {ixd Axa 4 SOGYAXI+ - 4 {ixa) AXn= L. fixy Axi

T=1

And tre exact area i€ Area{R) = lim Sn
O —nNa

1. Imerpret +e given sum  Sn as a um of areas of Rectarges opprodirmating the areat

of a certain mregon in the plare and P b SA where
= N0
fl

5“:—2
2.

it n

TN J{ - lifmy*
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¥ in general , imterval (o] is dwided o 0 —equal lengtih subimcrvals  ard
L

Axio b-a | s a4y bz
n n
N . \ n o
|_ J_ ~ . 1__ ' . 1
sie Dopt W - TH BT L3
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A% £l Axi o gixi)
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Tre inderval s [D"] and %= Q4. 10, ren 6= %X and glx\:\h-xz

Thus, Sn wiRprets tre cum of +he Regions under +he graphe of {60 ard  gbx)
over Jhe ywerval 047

LJ H;{(\(\

X

Terefore; lim Sn - Ri+R2=z :’1&_ + 14[.

N—an0
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“The Riernann Sum .

led { be a corfinuous and ron_negative function on [a/bd.

Tre finde <et of points ‘Pb{xmm.x:,..xn% such drat a=%{x1{X2{ .. {xn=b dehres a parttion
{for lab] and divides Tab] info o sdoinkervals  Uxi-nxi].

Tre lengin of eoch sub-imerval is Axie Xi- Xi-1.

* .
let ¥ie[xnun] be an aRbi{RQ@S slevert of ™ subirmerval .

e Riemarn Sum of £ for Hre partifion P is

n
RUGPY= £ 0™) Axa 4 {1x0") Axas .. o S Axn= Y 6™ . AX
{21
% y= 180
Yot {UiV W €lxienxil  be e abcolde minimum volue of £ on
i cubimerval, dre lower Riemann <um of £ Hor P is

n
FUUPY . Uy Ay .. & -((lh\AXn._ E{Ui\Aﬁﬁ

()
1 ' e X

fet f(ud; we [Xiuw) be tre cbsolue rsoxiraure value of { o0
™ cubiniceval, fhe upper Riernamn sum of { foe P i

La)
UMPY flunAxes - 4 {lumAxn= T FLU) AXi

1

Tre Definie Irteqral © Suppose there is exaclly one 1 <uch dhat for eveey parition P of
lab]l we nave

LGP ETLUHLP) 4hen { is inegrable on [ab] ond 4he deficite inteqeal
of { s

b
T S {60 dx.

o

b

Y I { ig inegrable , Jor any Paz‘hﬁm P, lim RUUPY - S{(x\dx
o M= X [+



> .
2. (onsider He function {ba= { ¥+ 2 O o<

i/

vve} dhe inferval  [1,471
< i 4¢x £ 50
LIRS o opp B iuEne

Compute L (4,Ps) and g, R RBEET Dy (o oie pudion of [-1,.4] it B-Subndeevals

of equal length what can s say chout Hhe values of  LIPa) ardd U P4) wren
you (ompare Wwhl LU{,Ps) and Ll({'Ps\?

Selution;

Pu s de parttion of [-1.4] into 5. subinleevals
of ecual tength -

Axi- 4-t0h_ 1
5

Ps. {-1.0.1,2.3,47%

e lower Riemann Sum:

On dre given dub.intervals minimum value of
-vol: fimy=042-2

o4 fmv-0+2=2

[4:27 0 f(2 =2 (concramt)

[23]: {5V =3

[3.43: {(3)=6-2-4
5

It/ Ps). Z £y Axi = J0Y Axaz {Y Axas £(YAXS +!(5/>)A¥4 + {(3) Axs
t=\

= 2424343 4 =14
The Upper_ Riemann_Sumn;

Oa dhe given b -inkevals maximum valug of f -

-1.0]. {00 = 142:=3
To/t) . 0y = 14223
['1I2-_I; ‘F(l\: 3

[113]: ((3):6—2’:4
13.4]: {4y =8-2:6

5
Bes) o 75 400 A« £00) Bxaa {00 Axas 42 Axs s fi3Y Axa+ 14V Axs
=t = 343434+ 416 =19



3. wrie a Riemann sum with ecual lendih sub-imtcevals 1o compute tne in+c9aoL

{ [x'1+ x,sin(-x"Ti‘\] d%.

Seluhon;

let Pn divide [-20] inde n equal lengtia b indervals .

Awias -6 3  oand for x* choose Rl'ght end powds of eath gup.indenval 5 dnet €,

n n

il 2 3
m
. 2 .
“Then the Rigmann sum of )= x5 x'gmt'f:i) {for dhe parition P

A n
R, Pny = 2 i %y, Axi - E [ (‘Q«H.%)&-y- (—Q-}"'%)S‘-“({_?"%)*;\} %

1= =1

i RI6PR) gives the mresult of 4he definide integral

N -+ %0

4_. Express the -—(Dﬂou.sinﬂ limmivs  os definide irdegRo\S

n

(o) fim E _15 . arctan (3-} -%')
N no izl
n .
: Lo -0
(BY i Z jﬁ Slﬁ( ;m)
hay oo (=
2 z
(ey  timn L .y
N — o =1

Selution;
a
4 arctaon (34&)
)

()  lim ‘ n
namo =1
AXe -‘-[K!‘)

Axi— 1 choose +the imerval as 104] and Rigtt end points of sub.intepvals can be

n .
)(i*'.: 0_;.‘\-_1.: L.
n mn

expresserl o8
Crooce {60 = arctan [3+2x)  thet is iMeqroble <O Hug imit (om be expressed as

i
S arctan (34 2%) dx.

O



Mz 1 chepse fte imterval o o) oed n;aht erd poirs of ab.imervak can e expneSSed
h

as %i¥= 04 1-1'—1= _;T
Choose  {00r= sin (x - 12} drat s inteqrable <o Hhis tirit can be expressed as
i
S sin { % -2} dx.
v}
b
H. Fird re values of aand b which mevaraize he integral { th—f)c\x

[=3
Soluton:
Tre definite intamL of { over lab] qgves the arect af 4he ngion bouncled by { ard
X-axis opver Lab) W £ is posttive \[Qlued‘(:FDR nc-gcrh\re values of £ result ic r\cgcrhvf‘)

J
S To maximize the resutt of definile inlegral take Just

g axot  Posthe past of

’ 4
/\ So g (4x-3YAx  is moxirum value .
-

— - > %
/ \4 °
7
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G. US‘ng a Riemann Sum show ihat Sx dx - b'_ &
(=}
Seluhon:

et Pu be ponfition of [akl . dwvides [ab] indo n - equal lengia cubinteevals .

Axi= B-S ord let %% a L) b-a Right end poitc of each sub-intcrval.
n n
The Riemann sum of  (ixye x

n

r] .
RULPY - T f6*) Axi= y 4(a+ '_(b:ﬂ\\.g;pi
i=1

v
EE

(a+ i(b{.\) b.a
[n]
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n n
RigPmY= 3 (ani_b_ﬂ\f@__a_\; 7 (ai‘, 20 (b-a) +f‘_(b°_:easi+_9?\\ s .o
n 3

: 2
I=—1 A i:l m r-\

o -
= Z [9j+ 2alb-a) |-+ (b7~ 2ab 1 o) |1] . (b -a)
. n nt n3
(=4 |

d

L fﬁ__{b-e). nlnsdy b 2abaa? n(mﬂ(ﬁm\} (6-0)

n g S &
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I 2 2
hro RIE, P < [ Q}I': ab A 4 l?‘_:l?_}%.f__ql:l ()
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. Fe_tz:ke?‘—mzema"’} (b-e)

~
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= % (b-a) (@ +ab+h’)
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.g(b _a \
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The Fundamertal Theokem of Calauls & Suppose that { is comtinuous on I cortaining o
b4

) let ¥ be defired by TOI-= { {.(th‘ Tren T is dfferermiable on I and T'x) = {60,

-

¥ is an arti-dervatve of §

b
(M f & 15 any arhi-derivative of £ | {60 cx = 6MY- &(a).

a
3 H(xy
Z £ ) far = {(qm . geo
o
9%
_c_i. ( {ivett = -f(g(x}\ 9' txy - { (hEAY R'x)
¥
hi)

F. Fid {'=  Jor
SINX
(o) -“X\-:. [ 1 ct
-2 \/1+{4

“Qr\:x

{b) m):g Sin i)Y at

ex

Soluton;

la) {'= A . Cos X
J1s sirfly,

) {'t= gin (Jccqu\ 2 tany (A+tan %) — Sin(ejx)_ t:.)'l

’rhe HE‘H{\O&‘__()-{ Substifution: 1. S —fllghﬂ) 9'(x) dw

fet u=q0) iren  du= g'ta.dx
Thuss T = f fdy - {(+C = {igtnY+ ©

b B
Y For  definite itegrals | Flat) goodx < [ fydu  whnere A= gl
0 a A B= g(b)



B. Evaluate Hre folowing indefiile integrots -

2 4*’"3
@ {0 { x. e dx

Solution:
let W= 4+X3.-a> oJU:Bxldx
{6 = ..1.f3><2 e“ﬂadx = 4 geudu _’I.eq-t—C _"Le4+>(3

8.



MATH 119 - CALCULUS Wi TH ANALITIC GEDHETRY
L TR SO 3 5

REGTATION 11

The Medhod of Subgtiadion: 1 ]’ {' (g0 g dx
let U= gln dhen  du=g'tidx
Thus, T- §f'wdu. fin+e = f{gMc

b

E Tor definte meqrols, [ £{900) glod dx = f fldu where A=gle) and B=glb).
o A

A. Evoluate tre indefinite imtegrals.

2 4+

o) f- { x ¢ dx

- S,
[b) -{(K}:’. Irﬁ:——E?—co—S'xd)(

(© fo0- _ X gy
J>€3+3X—9.

(d) fo= { ax
(&) {&)= g e* Ji+4e* dx

Selution;
4+ g’ 2 ‘\*xs
1 2 _ “
cnfx.e dx—%fe 3:<d\<=-15$t du:%e“+czée +C
let u=4+x3
du.-'- 3xldx

{b) 5 X —sihx dx = 4 S 1 R{x-zindAdx = A S 4du = AWwnlulsc =—‘L|n|x}+3£osx\+c
¥r X osx *x Deogx 2 (0 2 2
2
let U= + Deosx
du =(3x — 2giny) dx

a -4 -4y a2 ———
(e) SL__,._*—_:.C‘* = 4 g (¥4 3x-2) ~ 303N dx= 4 {u . L8 e 2txav e
Jetax -2 3 3 371 3
2

3
let U= x4+3x-2
du ={3x743)dx

(d) S3XdX: 3 e
n3




2 . ENaluale tre -§o\\0Luin9 irﬂegrzcﬂs

() f SinoX . cosx dx

o) { cir’x. cosx dx

3 3
gec % . tan X dx

|
(€ g SE‘C‘>K Ctanx dx
(d)

Solution |

.5 ) b &
(o) SSlﬁx.(osxdx - Sudu—-_q_+¢= Sh% 4
& &
et u=sinx
A= C08x dx

2
(b) g Sinx . Cos X dx = i S4— sinx . cosx dx - A S (sinaxY dx _ 4 g A~ (OSAX Ay
4 2

Recall Hhot  sindX = Q€. (cex

_ _ SindX
Cos 4% = 1-15&\19‘&:} gin 2% = T-closdx = % [x -"Q'—“]"'C'
2 4
-2

(C) Observe Hhat secx= _1 = CQS”"; SINX _ 14 tonx

(osx s %
dtpnx o d siox o CoSx 80N _ A _ gery
od® dx coex cos x cos’x

4 2
JSECG:( Ctanx dx = S cecx  tan’x | seck dx = j (4+{nn),x) tanx gecxdx

iel u=tany = { (4dY 0’ du - j (_1+:1u’+u43uldu
du= secxdx
3 5 g
= g ( u2+3u4+ Wido= M L2000 LU L~
3 5 ¥
3
= laox Harb x + tarﬁx‘*c
) 5 3

(d} Cxercice



lﬁagﬂaﬁm bg Tords: fuppoge 4ot Uix) ord v{X) are two dfferechable funciiors

d (U Vi) = b av _‘_‘((ﬂdu -ﬁ Sud\/- UV—_ngU
dx olx 32 (‘f)"

fudv= u.v - {v.du

3. Evaluate 4he —followirg irﬁeaﬂ:lls.
o) { (x+3) @ cx

o) { Sin (I dX

- e (D

() j X sinx dx

Sehukion:
2% 2x I % ax
J(X+3) e dx = (x+3) e _j-e_ dx = (x43). e _ £ | ¢
2 2 2
4
o '
x
du -—dx V= _e_
pl
e € € ¢
[b)I:( Gnlinx)} dx =  sinlinx), x ‘ - IX tosliny). A dx - @¢.sinl _ Scos(lmd dx
! 1 1 * 1
U= sin (iInx) dvz= dx U= Cosling dv=dx
du= cos(imd 4 dx VeX du = - sinlimy L dx vo=X
X X
@ =3
= &.gini - [ cosUnx). x | _ Sx (ﬁ_ sin (Inx) J_) clx—_\
1 A "

T-: ¢sirl _e¢.cosd 41 I 3 T- Jl_[czgm_e (os1+‘\]

{c) g %, Sindx dx = _; S x (1 -€0833) dx ~ % (> dx — 1 s %. 082X dx

Cosds =1 2sinx U=x dv = €082k
5% = 1-€osdX du=dx  v=- sindx
2 2

2
= 4. x _ 1 ¥, Sindx _ S sindx dy | - 4. xl_ A %.sindx _ A (o8dx +C .
2 72 2 2 2 4 4 B




4. Tvaludle e folbowing imegrals

2
@ ( X=%_ ax
X~
(B a
-1 (x4 % +1)
Seluficm;
2 2
(u) X-—B = x -9 +1 = _‘[4. ._j.._.._.
x-9q -9 -9
21 = A, B AX-B3A4+BX+3B=1 =  A+B=- O =2 A:--B
- x+3  x-3 -3A43B=1 5 CB=1= B=1 A--%

(x- %+3)

2
X -8
Smxj_q dx—_g [_’1 - _16:. A 4 J_.] dx = x_g_lé_.lnlx+3\+ :}D_lnlx-31+c,

(b) 3:"9 = AL B, 04D o A
{x -1 (54 x+1) (x-1  (x-1 x4l Bed
C=0
D=-1
T (e (AL AT,
S(X-1)1(X:+ K1) [ t(bﬂl x:3+ X+
e (A e L de (L
Krx 44 (;().*x.‘...{.]-y 2 2 [1 + (x+2) 3 14 (<), o
Ay I3[ e (e
{2) £
U= (x+12) 2 o du:% dAx
3 3
;_-Zg A du = 2 aRCtG“(i{x&—-%\)+c £
330 aad? 3 73

-
J= (x-n + -2 arcton ilx+i} + G
-0 3 (‘F‘F’ : )



The loverse TRigenormetric Substtuthong

* irfegrals irnolving Jad- x? (o> O YIS Mokt Fcuced 48 ok aibiihen {orm by means of he

Substhrtion X=a.sing.

3
* \/Q*XQ OoR, 1 . —_—y X = A dont
a
Y-}QJ

¥ J¥’-a? 4 x. a.zec®

9., Evaluake +re -(ollou_;ins ir-rk’ﬂmcx\s.
W { = !

iy
(o) S A+ X Ay
1)3
14 %

Solution ;

2 2

(ay Ir‘ricgeal involves X+2 , use x=2 tanB cubstthdion

'*.Cil\ez L
;L 3
dx =2 (4+tan ©) d6
2 .2
b3
. /4 1 2+tane)de = 2 ( sec’® 4o
16 4
(4ton16+4)2 sec’©
2
- A Scos”e de . 4 g(casae-m)de
8 16
- 4 [Simle +87 L - A 2800000 + arctan X
(6526 = Jcos'e- 1 16 - 32
Cos'e = (os1®
s x3+4 &

_5-

—+ C.



