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1. Let X, have the pdf

£, (x)=[2n/@n +1)],0<x <N+

2n

,n=12,..

Find the limiting distribution of X,, if any, by using the distribution function technique.
(25 pts.)

2. If X;~Exp(1),i=12,---,n all independent, then find the limiting distribution of
Jn (X, -1). (25 pts))

3. Ifwehave X;,X,,---, X, ii.d. random variables from the pdf

a3
f(x,e)ze—2 where 0<x <0 and 6>0

a) Find the method of moment estimator of 0. (5 pts.)

b) Find the maximum likelihood estimator of 6.(5 pts.)

¢) Is MLE an unbiased estimator of 6? Why or why not? (5 pts.)

d) Is MLE a consistent estimator of 6? Why or why not? (5 pts.)

e) Find the unbiased estimator of 62" in terms of max(X;,X,,--+,X,).(5 pts.)

4. Let Xy, X,,---, X, be i.i.d. according to the following density

f(x;a):%,l<x anda>0.

Find the MLE of E(X). (25 pts.)
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1. (20 pts.)Let X, have the p.d.f.
f,(x,0)=nge ", x>0, >0, n=1,2,.--

Find the limiting distribution of Z, = —% where Y1 is the first order statistic.
n



F,(x0)=1-e"% x>0,0>0
Gy (v1:0)=P (Y <¥1)=1-[1-F, ()]’ =16,y 50,050

o (10)=P(252)=P( % 22 )P (1 212) -1-¢ %, 250

N—o0 N—o0

H H -n*6z
lim Hn(z;e): lim (l—e ):1,z>0: NOT A VALID DF

Discontinuity point z=0.

1,z>0
H (2;9): 0 0:>VALID DF
2<

Hence, the limiting distribution of Z, = —% is degenerate at z=0.
n
2. (20 pts.) If X; ~Exp(1),i=12,---,n all independent, then find the limiting distribution of

Jn (X, —1) where X, is the sample mean.

X; ~Exp(1)= E(X)=1land V(X)=1/n
The standardized sample mean: X\/:/Eg )_ 51 /—i —Jn(X-1)
By CLT,
X -E(X) d

3. (20 pts.) Let ( Xq, Xp,--+, X,;) be a random sample from the following discrete distribution:

2(1-9)
2-6

7
f P(X1=2)=r€

P(Xy=1)=

where @ €(0,1) is unknown. Obtain a moment estimator (MME) of 6.



=3 xP(X =x)=1P(X =1)+ 2P(X =2)
x=1

2(1—49)+2 0 2-20+20 2
2-0  2-0  2-6  2-0

MME of 6 can be found by equating pto X .

4. Let (Xq, Xp,-++, X,) be arandom sample from the uniform distribution on the interval
(6,0+|6]). Find the MLE of & when
(i) 8 € (0, 0); (10 pts.)

f(x;@):# L ,0 < x <26 since 6 e(0,0).

o+lo]-0 |6 o0
L(@):e—ln,esmze.

The likelihood function is a decreasing function of 6. So, the minimum value of 6
maximizes the likelihood function.
Let’s find the range for 6.
<y

<y, <<y, <20= =
h I yn329—>%§0 2

A max( Xq,---, X
Since the minimum value of 0 is %,theMLEofeis 0=Y?”= ( 12 ”).

(i) 0 € (o, 0). (10 pts.)

f(x,0)=——"—=7===,0<x<0since  e(—»,0).



L(H):%,QSXSO,—OO<9<O.

The likelihood function is a decreasing function of 6 and 0 is negative valued. So, the
maximum value of © maximizes the likelihood function.

Therange of 8: —0< @<y, .
Hence, MLE of 0 is @ =Y, =min(Xy,---, X,,).

5. Let ( Xq, X9,-++, X|,) be a random sample from a population with the pdf

X3

f(x0)=—5e*% x>0, 650
(x6) 60"
where 2=E(X)=46 and o =Var(X)=46.

f) Find the method of moment estimator (MME) of 6. (4 pts.)

pu=X
40 =X

is an MME of 6.

n 3
I 3570
(0):'2 e i=l lXi>018>0
6n94n
n
n z Xj
InL(6)=3% Inx; —nIn6—4nlng—1=L
i=1 o
>
X; 3
dinL(& Z A )
dntle)__an i on6-%
0 2 92 4
d?InL(6 v
% <0—>6’=é is maximizes the likelihood function.
0 .
0=0

— 60=""is the MLE of 6.

NP



h) Is MLE an unbiased estimator of 6? Why or why not? If not, find an unbiased estimator
of 6.(4 pts.)

E(é):E(z}@:%:%@:a

Thus, MLE of 0, 0= an unbiased estimator of 0.

INIPN

i) Is MLE a consistent estimator of 6? Why or why not? (4 pts.)

By Cheybshev’s Inequality,

E(0)=0
vé X 2 2
) <é)=v(§j:\/£§) = 4916”] =%<oo for 6> 0.
- N 6
|||)nIE)TJOV(6?)=r!|_r>r;E=O.

~ P ~
All the conditions are satisfied. So, & — 6. This means that & is a CE of 0.

j) Find the MLE of « and o'.(4 pts.)

By the invariance property of MLE,
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1. (20 pts.) Let {X,} be a sequence rvs with pmf
1 1 n-2 1
P(X,=0)==,P(X,=1)=——, P(X,=2)=——and P(X,=3)=
(X, =0) n' (X2 =1) n+1’ (X,=2) n o (% =3) n(n+1)

Find the limiting distribution of X, , if exists.



1 X=>3

lim Fn(x)= 0. x<2
n—oo n B 1 2<x

which is the cdf of the degenerate distribution at point 2.Hence the limiting distribution of X,
is the degenerate distribution at point 2.

2. (20 pts.) Let X, ~Exp(&/n),0>0, n=1,2,... with mgf

-1
a n
Mxn(t):(l_ﬁj ,t<5

X

and X, =12 be the sample mean. Find the limiting distribution of X, by using the mgf
n

technique. State the name of the limiting distribution.

Mg, (t):(l—%]_n,£<ﬂ

n n 0

-n
im Mg (t)= lim (1—%] — e t < cowhere -2 > 0asn - .

N—0o0 n n—o0 n n2

which is the mgf of degenerate distribution at point 0. Hence, the limiting distribution of
X, is degenerate at 0.

3. (20 pts.) Let X, X,,..., X, be iid. rv.s from N(1,1) distribution. Find the limiting
distribution of the r.v.
Wn:«/ﬁ )2(1+X2+--;+Xn—n ~
(X,=1) +(X,-1)" +---+(X,-1)




n
le—n

i) X ~NL1)= éxi ~ N(n,n):>'=1T ~ N(02)..

i) X~ N@)= (X -1)~ NOD= (X -1 ~ 27 =Y = Z(Xi-1P ~ 3
i=1

Then, by Chebyshev’s Inequality,

a) E(ij =1
n

b) V(ing<ooforall n.
n n
c) Im V(ijo
n—oo n
n 2
v > (X -1)
__I=l p 51
n n

By Slutky’s Theorem, W 9N (02).

4. Let X, X,,..., X, be arandom sample having pdf

f(x;@):ze1 T 0<x<20+1, 6>0= X ~Uniform(0,260+1)
+

a) (5 pts.) Find the method of moment estimator (MME) of ©.

E(X): 294‘1:)?:5: 2X2—1

b) (5 pts.) Find the maximum likelihood estimator (MLE) of 6.

L(6)= [L]n 0<x <0

20+1



maxL(@)= mn 6=0< X <---<X(p)<20+1
0 ) Xj <26+1 ) (n)

X1 5 X~

= Minimum value of @is = 0=

¢) (5 pts.) Find the MLE of the median.
median median 1 median ] 20 +1
[f(x;0)dx=05= | x = median _ o 5 median = 22+
0 o 20+1 20+1 2
X(n) —1
R 2[(n2) J+l X
By the invariance property of MLE; median = 20 +1 = > = (n) .
d) (5 pts.) Find the mean squared errors (MSE) of the MLE and MME of 6 and comment on
which one is better estimator of 0.
To be able to find the MSE of the MLE, we need to find the pdf of X).
-1
Oy, (y)=nFy (Y)n fy (), o<y <o
We also need the cdf of X.

X
Fy ()= [——dx = —X— 0< x <26 +1
020+1 20+1

1 y n_l nyn—l
= =Y 0<y<20+1
9%, (%) n29+1(29+1j (20 +1)" DR

20+1 n-1
E(X(l)): [y ny dy = n (20+1)
o (20+1)" ° n+l

v(x(l))zi(zml)z—(Ll(zml)jz=( (2041

n+2)n+1)



2
MSE(3) - MSE[M] V(MJ , (E[MJ _ QJ
0 0 2 2 2

=4(n+2)(n+1)2 (29+1)2+{ 2 0

_ n(20+1)° +(—1— 26
4(n+2)n+1)?

n(26 +1)? , (20 +1)2

4+ 2)n+1)  4an+1)?

_n20+1P +(n+2)20+1°  (260+1)?

 4n+2)n+1)? - 2n+2)n+1)

MgE(é): MSE(L_lJ :Var(zi_lj +(E(%‘lj - 9}2

2
2
=Var()?)+[20+l—£—0j

2 2
_(20+1)° (2041
n n

= Mg,E(é)< Mg,E(é' )

Hence, 0 is better estimator of 6.

5. Let X, X,

X, bear.s. from the pdf

(x-a)

f(x;a,ﬂ):ze T,aSX<oO,—oo<a<oo,ﬁ>O.

e (5 pts.) Find the MLE of aand g.



_i=l
L(Ol, )Z—ne P &S Xj <0
n
(% —a)
In L(a’ﬂ)z_nmﬂ_lle,aSXi <0
alng—(a’ﬂ):O:Nosqution for a.
(04

max L(e, 8)= maX o = a < X(1) <--- < X(n) <o = a < X(g)

The maximum value of a is Xq). Hence, & = X(l).

3 (X ~a) (Xi-d) 3 (Xi-Xg)
onl(@p)_ n_ ia ' _0= joizl ' = (1)
op Yij B n n
2
L(f”g) <0=> ,Bmaximizes the likelihood function.
P p=p

e (5pts.) Find the MLE of P(X1 21) where X, is one observation not an order statistic.

U ) PO )
P(X@l):{%e s =e 7P
n(l—X(l))
_(1_A0?) g (Xi _X(l))

e (5pts.) Isthe MLE of ¢ an unbiased estimator of o?
?

E(X@))=0



o) () =rx (B-Fx WP =Fe 7 asy<

. n(y-a)
E(X(l)):jy%e P ody=a-Lza

a= X(l) is not an unbiased estimator of a.

(5 pts.) Is the MLE of « a consistent estimator of o?

By the Chebyshev’s Inequality,

i) E(X(l)):a—éz lim E(x(l))znlinw(a—éjza

n(y-a)
T e A )
wrlig)=at-2(at) oL - o

i) lim Var(X())=0

n—oo

This means that X (1) —P 5oand X()isaCEof a.
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Consider a random sample of size n from a distribution with p.d.f.

f(x,e)zé, 0<x<6,06>0

where p=g andGZ:E.



The MLE, 6 =max(X,,--, X, )=Ynand the MME, 6 =2X.

a) Is MLE an unbiased estimator of 6? (10 pts.)
b) Is MME an unbiased estimator of 67 (10 pts.)
c) Compare MSEs of MLE and MME of 67 (15 pts.)

p.d.f. of Vi g(Yy,0)=n[Fu(¥n)]" Fx(¥a).a<y, <b

2. Consider the p.d.f.
f(x,0)=0x""e™, 0<x, 6>0

Find a sufficient statistics for 6. (30 pts.)

3. Let X have the p.d.f.
f(x,e):z—)z(, 0<x<6,06>0

Let X,,---,X,, be arandom sample of size n.

a) Find a sufficient statistic Y for 6 by using the factorization theorem. (10 pts.)
b) Show that Y us a complete sufficient statistic for 6. (15 pts.)
¢) Find the unique MVUE of 6. (10 pts.)
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1. (20 pts.) Let X have the p.d.f.
f (x,6’)=%e‘x’g,x >0,0>0

with ¢ =6 and o? =62 Consider ar.s. of size 5; X1, X,..., Xs. Let




5

2 X
Y1:>z:I:1 andY2:X1+X2.
5 5

Find the mean squared errors of Y1 and Y>. Which one is better estimator? Why?

2 2
E(Y,)=x=0andV (Yl):%:%:ozez = MSE(Y,)

E(Y2)=§0andv(vz)=%02

2
2 2 2 2
MSE (Y,)=V (Y,)+[E(Y,)-0] ==6°—|£0-0
SE (1) =V (1) +[E(%,)-0] = 20| 20-0]
_ 292, 9 g2 o ag?
25 25 25

since MSE(Y,)=0.26% < MSE(Y, ) = 0.446°, Y is a better estimator of 6.
0 0

2. Let (X, ...,Xn) be a random sample from the distribution on R with pdf
f(xa)= 0a0x % a<x,

where a > 0 and 0 is known and different than O.

a) (15 pts.) Find a complete sufficient statistic for a.

n
L(a)=0"a"T]x Y, a<x
i1

Given Y1=min(X4, ...,X»), the conditional range of x; is y; < X; and
no_
L(a)=6"a""1] x, O - q Yy < X

=l ! Ko (X))
ky(y1:2)

By Neyman’s Factorization theorem, Yi=min(X, ...,Xn) isas.s. for a.



F(xa)=[0a’% "Ydax=1-ax"% x> a
a

gy, (v)=noa"y;" "y >a
E(u (Yl)) = iu(yl)neangyl_”g‘ldyl =0= iu (yl)yl_“‘g‘ldy1 =0

0

d _no-1
—(u dy, =0
jdai (Y1)Y1 Y1

Now, apply Leibnitz’s Rule:

0 —no-1
— dy; =0
Za u (yl) Y1 Y1

0 since the function does
not depend on a.

d [e0] _ B _ B [e0]
af“()ﬁ))ﬁ ne ldy1:0—u(a)a ne 1+I
a a

—-ng-1

u(a)a =0=u(a)=0foralla>0=>u(y;)=0forally, >0=u(y;)=0forally, >a

#0

Hence Y. is a c.s.s. for 0.

b) (10 pts.) Obtain the unique minimum variance unbiased estimator of a, if exists.

S N

“ e 0
E(Y,)= [ y;n0a"y; " Yy, = nga" L LAY
%) iyl et —n6?+1‘ ng -1

a
E(n@—lYl} _a
né

Hence, K9_1Y is the unigue UMVUE of a.
n

3. (20 pts.) Let Y be complete sufficient statistics for the unknown parameter 6 and a
function of sample random variables; u(Xl, Xo,oe, Xn) is an unbiased estimator of m(&);

a function of 6. How can we find the unique minimum variance unbiased estimator of m(é?)

by using u(Xy, X,,-++, X,,)and Y? Explain. Which theorems did you use to answer the

question?



E[u(Xy, Xp,-+, Xy )] =m(0).
Let p(Y)= E[u(Xl, X2,---,Xn)‘Y] be a function of Y only.

By Rao-Blackwell Theorem;
E={p(Y)}=E{E[u(Xs, Xz XY J}=m(6).

Hence, go(Y):E[U(Xl,xz,---,xn)‘Y] is an UE of m(6‘).

Since Y is complete sufficient statistics for 6 and u( Xy, X,,--+, X,,) is an UE of m(8),
o(Y)=E[u(Xy, Xp, - X )|Y | is an o(Y)=E[u(Xy, X5+, X, )|Y | and a function
of Y. By Lehmann-Scheffe Theorem, (p(Y):E[U(Xl,Xz,---,Xn)‘Y] is the unique
MVUE of m(6).

4. Let X have the p.d.f.

1 _(X_IU)Z
) = 2
f(X,,u)——e ,—00 < X < 00,—00 < I < 00

2z

where o® =1. Assume that we have a random sample of size n.

a) (10 pts.) Find a complete sufficient statistics for x .

2

f(xu)=e 2 T0<X<®,~0< U<
—_—
continuous r.v. an interval

P (1) = 11.K (x) = X,S(x):—X—;,q(y):—%ln(Zﬂ)—%z.

This pdf belongs to exponential class of pdfs of continuous type.

Regularity conditions:



a) Range of x does nor depend on p.
b) P(,u) = is anontrivial, continuous function of p for —co < 1 <o0.

¢) K'(x)=1 isanontrivial, continuous function of x for o< X <0,

2
X< . .
d) S(x):—? is a continuous function of x for o< X < 0.

n n
Forars,Y =Y K(Xj)=3X X; isacss. for p.
i—1 i—1

b) (5 pts.) Find the unique minimum variance unbiased estimator of x .

n —
E(Y)= E(Z Xij:n,u: E(X)=w
i=1
By Lehmann-Scheffe Theorem, X is the unique minimum variance unbiased estimator

of u.

c) (15 pts.) Find the unique minimum variance unbiased estimator of et where
—oo<t <.

2 Y.
o t— _ Xt——
E(eXt):e#+2n =mgf of X ~N(u,1/n) =E|e 2n|=g"

Xt
By Lehmann-Scheffe Theorem, € 2" is the unique minimum variance unbiased

estimator of e,

21
n

(e wE e

Since X is ac.s.s. for u, there is only one function of X whose expectation is =y
n

Hence, E{ﬁ‘i}:i.
n n

d) (5 pts.) Find E[X \X}
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4. (15 pts.) Consider the p.d.f.

f(x;0)=x’1e™ x>0,6>0

Assuming that we have a random sample of size n, find a sufficient statistics for & using the

Neyman’s factorization theorem.

n
L(©)= " 1D[x-6'_1 e_izlxI x; >0
| N , ’ 1

-_
=1 k2(X1,X2,%n ) not dependon 6
n
kl(y: l‘lxi;e]
i=1

n
Y = [T1X; isa sufficient statistics for 6.
i=1

5. Let X have the p.d.f.
f(x0)=20°x7,0<x6>0

Let X;, -+, X,, be arandom sample of size n.

d) (8 pts.) Find a sufficient statistic, Y for € by using the Neyman’s factorization theorem.
e) (8 pts.) Show that Y is a complete sufficient statistic for 6.

f) (9 pts.) Find the uniqgue MVVUE of 6. (10 pts.)

e PDFof Xn): 0 X(n) = nf x (X(n)IFX (X(n))]n_l,—oo <X(n) <©

e PDFof Xag): @ X(1) = nfx (X(l)ll— FX (X(l))]n—l’_oo < X(]_) <00

e Leibnitz’s Rule:
%:Ejz Fxt)de=t (b(t);t)(%[b(t)]j_ f (a(t):t)(%[a(t)]]:ifz% f (x;t)dx



y Le)=2"0" "0 13 0 < X; ,0>0
X1) i=1

H_/
— conditional range of xj given X(1)
kliyzx(l);ebkz(xl-xzv"',Xn) X(1)<Xi
Y = X{(1) isassfor 6.

2

X
b) F(x;6)=[260°x3dx :1—9—2,93 X
17 X

g X@) = nf y (X(l)ll— Fy (X(l))]n_l,—oo <X <

5 n-1
- nZHzx(ljo’{l—[l—i—zJ]

—2n6%"x ()2” -1 0 <X

X is complete iff E[U(X))]=0 for >0 implies U(X))=0 for all 6=x.

EU(xq)l= ZU(X(l))QnHZ”x(‘l)Z”"ldx =0

= Zu (X(l) )x(_l)zn_ldx =0
d —2n
= @ ju( ))x(l)z Lax =0

Now apply Leibnitz rule,

0 ooaU( ) _Zn_ldX
d —on-1. _q_ 2n-1 X0 ) _
@éu(xa))x(l) dx=0-u(@)9~ +£ = =0

0
= —u(@p "1=0
=0

= u(@)=0for 6>0

(xl ) Ofor x>0

(xl ) Ofor x> 6

Hence, Y=Xq) is complete and combining a) and b) we can say that Y=Xgq, is css for 6.



o0

w X(fn+l 5
E(X() )= [ xq12n02"x -2y = 2n62" 1 -
Xw) g @) W " P +1‘ 2n-1
o0

2n-1
=E X =0

[ 2n (1)j
Hence, 2n-1 X (1) is the MVUE of .

2n

3. Let X,, X,,..., X, be ar.s. from Ber(p) distribution with pdf

f(x;p)=p*@-plF ¥, x=0L0<p<1

a) (10 pts.) Find the MVVUE of Var(X)=p(1-p)
b) (10 pts.) Find the MVUE of p.

pX1-pl X, x=0L0<p<1
p

X xIn——+In(1-p)
P _ 1-
(2] emme

f(x; p)

P(p)=I—"— K(x)=xq(p)=I(1- p),S(x)=0

The pdf is a member of exponential class of pdfs of discrete type.
Conditions on regular case:

i) Range of x does not depend on p.
i) P(p) is a non-trivial continuous function of p, 0O<p<1.

iii) K(x)=x is a nontrivial function of x.
All the conditions are satisfied, so we have a regular case exponential class of pdfs of discrete type.

n n
Forars, Y = Y K(X;)= 3 X; isacss for p.
i=1 i=1

E(YZ):V(Y)+ E2(Y)=np(l— p)+n?p?

y? 2
= E —|= p(l-p)+np



E(Y)=np

E{Y —%} =np-p(t- p)-np? =np(L- p)- p(L- p)=(n-1)p(L- p)

o

1 y?
Hence, 1 Y —— | is the MVVUE of p(1-p).
n— n

b)

5 is the MVUE of p.
n“—n

4. Let X, X,,..., X, bear.s. from the distribution with the following pdf

f(x;e):%x3e_"/‘9,0< X < 0,0 >0
60

a) (6 pts.) Write the pdf in the exponential form.
b) (6 pts.) If X, X,,..., X, is ar.s from this pdf, find a complete sufficient statistic
for ©

¢) (8 pts.) Find the MVUE of 6.
[Hint: X~Gamma(4,6). So, E(X)=48and Var(X)=46]

n

a) f(x;@):e_ln6_4ln9+3lnX_X/9,0<x<oo,9>0

P(0) = _%, K(x) = x,q(6) = 4In(8), S(x) = I 6.+ 31 x

The pdf is a member of exponential class of pdfs of continuous type.



b) Conditions on regular case:
i) Range of x does not depend on 6.
ii) P(H) is a non-trivial continuous function of &, 0<é.

iii) K’(x) =1 not identical to 0 and K(x) is continuous function of x, x>0.

iv) S(x) is a continuous function of x, x>0
All the conditions are satisfied, so we have a regular case exponential class of pdfs of discrete type.

n n
Forars, Y = Y K(X;)= X X; isacss for 6.
i=1 i=1

Vv n n
iy E(Y)= E(injz > E(Xj)= >40=4n0
i=1 i=1 i=1

So, E(ij =40.
4n

Therefore, Y/(4n) is the MVUE of 6.
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2. Let )_(n denote the mean of a r.s. of size n from Gamma(a,1). Show that the limiting

distribution of v/n (X, —)//X, is N(0.1). (25 pts.)

3. Suppose that X is ar.v. with p.d.f.
_(x—a)
f(x,0)==e ¢ ,a<x<w,a>0,6>0

a) Find a joint sufficient statistics for (a,&) by factorization theorem. (5 pts.)
b) Arethe js.s. for (o, &) found in a) also minimal joint sufficient statistics? Why? (5 pts.)
n
c) Itis known that Y, =min{Xy,---, X, } and " X; are joint complete sufficient statistics
i=1
for (a, 6’). Find the unigue minimum variance unbiased estimator of 6. (15 pts.)

4. Let X have the p.d.f.

f(x,ﬂ):%xe"‘/ﬁ,x>0,ﬂ>0

where =24 and o =2°.



a) Find the unique minimum variance unbiased estimator of ﬁz . (15 pts.)
b) Find E[xl\i] . (10 pts.)

X1,

5. Let X ~Geo(p) where f(x,p)=p(1-p) ;x=12,..;0<p<lwhere x=1/p.

a) Find the MLE of p. (5 pts.)

b) Find the Fisher Information in a random variable. (5 pts.)

c) Find the Rao-Cramer Lower Bound for 1/p. (5 pts.)

d) Find the efficient estimator of p, if it exists. (5 pts.)

e) Find the efficient estimator of p, if it exists. If it does not exist, find the asymptotic
efficient estimator of p, and specify its asymptotic distribution. (5 pts.)

STAT 271/ FALL 2007

FINAL EXAM

1. (25 pts.) Let X; be the weight of the i-th airline passenger’s luggage. Assume that
weights are independent and each with pdf
f(x0)=62"x10<x<2
1/6

and zero otherwise. Find the limiting distribution of 1

where Y; is the first order

statistic.

0
X
Fx (x;0)=]627w""dw= (fj 0<x<2
0 2

Gyl(y;é?): P(Y; < y):l—[l— Fy (y)]n 0<y<?2

1_[2_@7 0<yes




2. Suppose that X is a r.v. with p.d.f.

f(x; a,ﬁ):i, B-a<x<f+a, —o<f<o, a>0 =Uniform(S-a,f+a)

Assuming that X,,---, X,, is a random sample, each X; is distributed as the above pdf. It is
known that Y, =min{X,,---, X} and Y, =max{X,,---, X} are joint complete sufficient
statistics for (c, 3).

a) (10 pts.) Find the unique minimum variance unbiased estimators of a..

b) (10 pts.) Find the unique minimum variance unbiased estimators of f3.
c) (15 pts.) Find the unique minimum variance unbiased estimators of /c.

F (. 8)=""P*% 5 o <x<pia
20
B+a y —ﬂ+0( n-1 1 n Bra n-1
E(Y;)= n1-2L- 22| Zdy = +a-— d
(Y1) ﬁia Y1 ( 20t j ou Y1 N ﬂ{a yi(B+a-y)) dy

u=g+a-y; 2a
= T (B+a—u)u™du

2"a" 0
n znan 2n—1an—l
_Znan{(a+ﬂ) n  n-1 }
—(a+p)- 2



2n n
n znan 2n71an71
_Znar[(ﬂ_a) n  n-1 }
2N
e

a) E(Y, —Y1)=2(nn—_l)a:> E[Z(nn—tll)(vlwn)}a.

Hence, Y, +Yn) is the unique minimum variance unbiased estimators of a.

n+1
2(n—1)(

b) E(Y,+Y,)=28= E(%):ﬁ.

Y1 +Y,

Hence, is the unique minimum variance unbiased estimators of j3.

Y, +Y.
c) Consider Yn—+1

n 1



[Vn—y1]" dyndy;

n
Yn _Yl p-a vy Yn=N 2«
joint pdf of Y; and Y,

E(Yn +Y1j_ Py, +y, n(n-1)
n

n(n-1) p+a p+a B
=(n—n) I T (Va4 y2)[ Ve = va]™> dyndy,
2"’ pa Y1
U=¥n=¥1 n(n—-1) p+a B+a—y B
= (n-1) [ (2yl+u)[u]n 3dudy1

2"a" pa 0
n(n-1)A+a( 2 no2 1 n—1}
=—2 — VY (a+ - +—(a+p- d
R Gy S VA 2
u=a+B-Y1 n(n-1 2a n,n
= (n-1)] 2 [ (oz+,8—u)u”‘2du+Lz 4
2"a" | n-2, n-1 n
nin-=1 n-1 _n-1 n_.n n_n
:()2(a+ﬂ)2a+_22a120¢
2" | n=-2 n-1 n-2 n n-1 n
_ng
n-2a
n-2Y,+Y;

unique minimum variance unbiased estimators of /a.

-0 px
3. Let X ~ Poi(@) where f(x;@):e ? :x=0,1,...;0< 8 where u=6.
X!

f) (5 pts.) Find the MLE of 4.
efnagni

L(0)=———%=01,.

X |

n
InL(6)=-nd+nXIn6—3 Inx;!
i=1

dln—L(e):—n+@:O:é:¥
deo 0

d?InL(9)

T‘é:X:—n<o

g) (5 pts.) Find the Fisher Information in a random variable, | (0)



A(x;0)=In(0)=-0+xIn6—Inx!

/1’(x;6’)=—1+§:> E[ﬂ'(x;a)]:—ug:o

#(x:0)=—3 = (0)=-E[4"(x:0)]=;

h) (5 pts.) Find the Cramer-Rao Lower Bound for 4.
CRLB = ! = Q
0 ni(6) n

i) (5 pts.) Find the efficient estimator of @, if it exists.
MLE of =X

E()?):eandVar(X):g

=CRLB
0

Hence, X isthe EE of 6.

J) (10 pts.) Find the efficient estimator of e 2% | if it exists. If it does not exist, find the
asymptotic efficient estimator of e_w, and specify its asymptotic distribution.

MLE of e2? =¢?0 = ¢?X —gNin

X ~ Poi(0) =Y = ¥ X; ~ Poi(nd)
i=1

2 y
e~ [e”n@]
2 2. —no y
- © —ye n@g ©
E[ y} n (n?) =2

e [=Xe
y=1 y! y=0 y!
2 2 y
_ . 2
e " enng 2
—no —no -né| 1-e
o0
_ e . e . 20
= — 2 ' = —==¢ e
emng Y0 y: —e"ng

An EE of €72 does not exist.



4. (10 pts.) Give one real life example to explain why we need the minimum variance
unbiased estimators and discuss their properties using the example.

STAT 271/ FALL 2008

FINAL EXAM
1. Suppose that Xq, X,,---, X, are i.i.d. with a common pdf:
2 if 1< X<

f(X) =<x3
0 elsewhere

Find some number c such that X, —P e

2. Let X have the p.d.f
3x? 2
f(x;,0)=""; 0<x<8,0>0
63
Let X;,---, X,, be arandom sample of size n.

g) (7 pts.) Find a sufficient statistic, Y for & by using the Neyman’s factorization theorem.
h) (8 pts.) Show that Y is a complete sufficient statistic for 6.

i) (10 pts.) Find the uniqgue MVVUE of %

° PDFOfX(n) gx —nfx(X IFx( )] —OO<X()<OO

e PDF of Xq): gx —nfx(X 11 F ( )] —OO<X(1) 00

e Leibnitz’s Rule:
b(t)

% bjt) f(xt)dx = f (b(t); )(%[b(t)]j— f (a(t);t)(%[a(t)])+agt)§ £ (x;t)dx

3. (25 pts.) The inverse Gaussian pdf

1/2 2
f(x;91,6’2)=[ 023J exp Lzel) ;0<x<o, 6,>0 and 6, >0
27 X 20 X



is often used to model lifetimes. Find the joint complete sufficient statistics for (91,492), if

X1, Xo,+++, X, is arandom sample from the distribution having this pdf.

4. Let X, X,,..., X, bei.i.d. rv.swith pdf

f(x;H):gxe_Xz/g,x>0,t9>O

a) (5 pts.) Find the Maximum Likelihood Estimator (MLE) of é.

b) (5 pts.) Find the Cramer-Rao Lower Bound (CRLB) for 6.

c) (5 pts.) Is the MLE of @ the unique Minimum Variance Unbiased Estimator
(MVUE) of &? Explain.

d) (5 pts.) Find the CRLB for 82,

e) (5 pts.) Find the efficient estimator of 62, if it exists. If it does not exist, find the
asymptotic efficient estimator of 82, and specify its asymptotic distribution.

5. Let Y be complete sufficient statistics for the unknown parameter ¢ and a function of

sample random variables; u(Xl,Xz,---,Xn) is an unbiased estimator of m(6); a

function of 6.

a) (7 pts.) How can we find the unique minimum variance unbiased estimator of m(&) by

using U( Xy, X,-+, X, )and Y? Explain.

b) (5 pts.) Which theorems did you use to answer the question a)?
¢) (8 pts.) Why we are trying to find complete sufficient statistics for a parameter and a
minimum variance unbiased estimator of the parameter?

a+b)

E[u(Xy, Xz, X)]=m(8).
Let p(Y)= E[U(Xl, Xy, e, Xn)‘Y] be a function of Y only.

By Rao-Blackwell Theorem;
E={p(Y)} =E{E[u(Xs, Xz XY J}=m(6).

Hence, (Y )= E[u(xl,xz,---,xn)\v] is an UE of m(6).



Since Y is complete sufficient statistics for 6 and u( Xy, X,,-+, X,,) is an UE of m(8),
o(Y)=E[u(Xy, Xp, - X )|Y | is an o(Y)=E[u(Xy, X+, X, )|Y | and a function
of Y. By Lehmann-Scheffe Theorem, ¢(Y)= E[u(xl,xz,---,xn)\v] is the unique
MVUE of m(6).

STAT 271/FALLO9
MIDTERM EXAM I

SOLUTION

1. Suppose that X, X,,---, X, are i.i.d. random variables with common density
f(x)=ax* x>1

n Un
where o > 0. Define S, =[HXJ .

i=1

a) (7 pts.) Show that —In X, has an Exponential distribution.

b) (8 pts.) Show thatS,, —p—>exp(—1/a). (Hint: Consider InS,.)
(X~Exp(6)=Gamma(l,6d). Y~Gamma(e, ) =E(X)=apf and Var(X)= /")

dx

Q) Y=—hX=>X=¢"|—=eY
dy
_ -1 _ _
f(y)=a[e ay]a e Y =¥y > 0= the pdf of EXP(l/«r)
n n

n 1/n Zln Xi _Z—In X
b) Sn:( XiJ :>|n5n='=1n :>—|nSn='_‘lT~Gamma(n,1/na)

i=1

i) E(~InS,)=n L

1
na o

i) Var(-In Sn):i2 < oo forall n.
na

iii) lim Var(~InS,)=0

n—oo

By Chbeyshev’s Inequality, —In S, —P 1.

=1InS, —P s 1/a

=S, _P el



2. (20 pts.) Suppose that X, X,,---, X be i.i.d. random variables with Gamma(«,n)
p.d.f. with mean x=na and variance o’ =an’. Let Y, be a sequence of random
variables and Y, —— « . Find the limiting distribution of

ez

N

2

If X~Gamma(e, n), E(X,, )= an,Var(X,, )= anT =on.

By CLT,

Xn—on X d
— _M(g—lj——m(o,l)

Since Y, —2—a, /Y, —P—+/a . Hence,

M{M(%—lﬂinﬂmo,l): N(0, ).

3. Suppose that X,, X,,---, X, be a random sample with Uniform(e—%,9+lj p.d.f.

n
f(x)=
a) Let X =min(X,, X,,--+, X, ). Find the limiting distribution of X
b) Let X, =max(X; X, X,). Find the limiting distribution  of
Zp =n-n2(X(y) - 0).

,9_

NS
S|

§x£0+1,0>0.
n

X'n n 1 1 1
F(x):gilzdx:E(x—eJrﬁj,@—ﬁSx§0+ﬁ
2
h N, 1 n
a) Gxg,lx)=1-lL-Fx [xa) =1{1—2(X(1)—9+5ﬂ =1—2—n(1—n(><(1)—9))
O [e0]
H_J



lim GX( )( (1)): 1 x > 8,0.w.0 which is the cdf of degenerate distribution at 6.

nN—o0

b)me@mﬁzkxwmwu{g@@yﬂ+%ﬂ,0—%£yﬂse+%

n
lim Hz (z)= lim {1—(1_i} }1—6”2,z>0
n—co n—o0 2n

which is the cdf of Exponential(2). So, the limiting distribution of Z, is Exp(2).

4. Let X, X,,:--, X, be arandom sample from the following discrete distribution

20 B _2(1—9) B _(1—9)
39" P(X, _2)_W and P(X; _3)_ﬁ

where 6 e(0,1) is unknown. Find the method of moment estimator of 6.

P(X, —l)

_7-50
3-0

E(X)= 20 +22(1—49)+31 6
3-6 3-6 3-0
To find the MME of 6, we need to equate E(X) to X .

E(X)=X

7-50 _x
3-60
3X -

0 = [
X

5. Suppose that X,, X,,---, X, be i.i.d. random variables with Uniform(e, f) density.
Find the method of moment estimators of «and £.



Uniform pdf: f(x):L,O<a3x§

With EQ) = (+ 2 J2and Var(x)= & 12“)2

E(X)= X
(at+p) =X
2
(o + B)? = 4X?
a® +2ap+ p* = 4X2

V(X)=52 = sample variance

(B-a) _g2
12

B% —2afB+a® =1252

a’ +2ap+ B2 = 4X?2
B? —2af+a® =1252
4aff=4X2% -1252
_ X2_3s?
=S

o

v 2 2
(a;ﬂ) :z:%w:zijﬂ?—2Xﬂ+(>?2—3sz):o

X ++/3S

"3 2
5:%22_&

6. What is the reason of finding the limiting distribution of a random variable? Give an
example of a case that we use the limiting distributions.

oY)
1

N



STAT 271/FALLO9
MIDTERM EXAM 2

QUESTIONS

1. Let X have the p.d.f.
f(x;0)=k%10<x<16>0

Let X,,---, X, be a random sample of size n.

a) (5pts.) Find the MLE of 6.

b) (7 pts.) Is the MLE of 6 an unbiased estimator of 67 If not, find an unbiased
estimator of 6 in terms of the MLE of 6.

c) (7 pts.) Is the MLE of 6 a consistent estimator of 6?

d) (6 pts.) Find the MLE of the median.

Hint: Think about —In X transformation. Also, the pdf of Gamma(, 8) is:

f(x;a,ﬂ):—axa_le_)‘/ﬁ,x>O,a >0,5>0
I(a)s
2. Let X have the p.d.f.
f(x;0)= 2—2,0<x<0 0>0
0

Let X,,--+,X,, be a random sample of size n.

J) (8 pts.) Find a sufficient statistic, Y for & by using the Neyman’s factorization
theorem.

K) (8 pts.) Show that Y is a complete sufficient statistic for .

I) (9 pts.) Find the unique MVUE of 6.

* PDFof X' gx, —nfx( )[Fx( )] 7m0 < X(n) <=

e PDF of Xq): 9X(1) :an(X(l)Il— Fx (X())]n 1_OO<X(1) o

Leibniz’s Rule:
(f) f (x t)dx_ f( )( [b ]j ( ;t)(%[a(t)]}r (I)g f (x;t)dX

a(t) a(t)

Sla



3. Let X have the p.d.f.

X2

f(x;@):gxe9,0§x<oo,0<0

where yz@llzﬁ, o’ :9{1—£} and E[Xr]:e”zl“(uij where

2 4 2
I'(n)=(n-1)I(n-1)=(n-1)! , n>0 and F(%j=\/;. Assume that we have a
random sample of size n.

a) (10 pts.) Find a complete sufficient statistics for 6.

b) (10 pts.) Find the unique minimum variance unbiased estimator of 4.

c) (10 pts.) Find an unbiased estimator of JO . Is this also the minimum variance
unbiased estimator of /& ? Why or why not?

d) (10 pts.) Find E{(ZX 2 +31 5 xﬁ} .
i=1

4. (10 pts.) Explain the logic behind the maximum likelihood estimation. What is a
likelihood function and why we are trying to maximize the likelihood function?

STAT 271/09
FINAL EXAM

QUESTIONS

1. (20 pts.) Let F(x)/x—A as x—0 where F(x) is a cumulative distribution
function of X. If X is the first order statistics for a r.s. of size n, find the

limiting distribution of X,), if it exists.

cdf of X Gy, (X(l))= 1-Ji-Fy (X(l) )0 < X(a) <2

2. Consider ar.s. X, X,,--+, X,, from the distribution having the following pdf

x*te™P: 0<x<ow, a>0 and B>0

f(Xiaiﬁ):W



with E(X )= ap and Var(X)=ap?.

a) (10 pts.)Find the joint complete sufficient statistics for (a, 3).
b) (15pts.) If o=1; find the MVUE of 1//~.

3. Let X, X,,..., X, bei.i.d.r.v.s with pdf

_1—9}
f(x;e)zgx { 9 10<x<160>0

a) (5pts.) Find the maximum likelihood estimator (MLE) of &,
b) (5pts.) Find the Fisher Information, 1(6).

c) (5 pts.) Find the Cramer-Rao Lower Bound (CRLB) for 6.
d) (5 pts.) Find the efficient estimator of 6, if it exists.

e) (10 pts.) Find the efficient estimator of 62, if it exists. If it does not exist,

find the asymptotic efficient estimator of 62, and specify its asymptotic
distribution.

a) (5pts.) What is a random variable? Why we need them in statistical analysis?
b) (5pts.) What is a random sample? Why we want to have a random sample?

c) (5pts.) Why we are defining probability mass function for discrete random
variables and probability density function for continuous random variables? Are
they the same? If not, what are the differences?

d) (5pts.) What is the meaning of Cramer Rao Lower Bound? Why we need them?

e) (5pts.) What is the meaning of the efficient estimator?
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MIDTERM EXAM I

SOLUTION

7. Suppose that X, X,,---, X, are i.i.d. random variables with common density
f(x)=ax*,x21

n 1/n
where o > 0. Define S, =[H Xij :
i=1

c) (7 pts.) Show that —In X, has an Exponential distribution.

d) (8 pts.) Show thatS,, —P—>exp(~1/ ). (Hint: Consider InS, .)
(X~Exp(6#)=Gamma(l,6). Y~Gamma(a,f)=E(X)=af and Var(X)= af’)

dx _
X _ ey

c) Y=—InX=X e’
dy

f(y)= a[e_“y]a_le_y = oe” 'y > 0= the pdf of EXP(l/)
d)

8. (20 pts.) Suppose that X, X,,--, X be i.i.d. random variables with Gamma(«,n)
p.d.f. with mean x=na and variance o® =an’. Let Y, be a sequence of random
variables and Y, —*— « . Find the limiting distribution of

ez

No

2

If X~Gamma(a, n), E(X,, )= an,Var(X,, )= anT =an.

By CLT,

X:‘/?E“” - M(% —1]—d—> N(02)

Since Y, —p>a,\/ﬁ—p>\/5. Hence,



M{M(ﬁ— HLM/EN(OJ): N(,a).

on

Suppose that X,, X,,--+, X, be a random sample with Uniform(@—%,éwﬂ p.d.f.

f(x):g,9—1£x£0+%,9>0.

d) Let x(n)=max(x1,x2,~-,xn). Find the limiting distribution

of

F(x)= }(1§dx:g(x—9+ j,é’—%<x<t9+—
=,
s N, 1 N
©) Gxylx)=1-I-Fx (x| =1{1—2(xm—9 Hﬂ =1—2—n(1—n(X(1)—9))
O o0
H_J
0

im Gy, (X@))=1,x > 6,0.w.0 whichis the cdf of degenerate distribution at 6.

n—oo

D Gx, )= [Fx () =B(X(n)_9+_ﬂ S OR=



n
lim Hz (z)=lim {1—(1—5) }1—e2/2,z>0

n—o N n—»0 n

which is the cdf of Exponential(2). So, the limiting distribution of Z, is Exp(2).

10. Let X, X,,--+, X, be a random sample from the following discrete distribution

P(X,=1)= 22 P(X =2)=% and P(Xi=3)=%

where 0 e (0,1) is unknown. Find the method of moment estimator of 6.

20 2@—9)+31—9__7—59
3-0  3-6 3-0 3-0

To find the MME of 6, we need to equate E(X) to X .

E(X)=X
7-50

X

w

—0
§-3%"7 g
X

11. Suppose that X, X,,---, X, be i.i.d. random variables with Uniform(e, ) density.
Find the method of moment estimators of « and £.

Uniform pdf: f(x)=——,0<a<x<

2
with E(X)=( @+ g )2 and Var(X)= (B Iza)

EX)= X

(a+pB) - X
2

(a+ ) =4X?
a’ +2apB+ p% = 4X2



V(X)=52 = sample variance

(B-af _g2
12

B% —2afB+a® =1252

a’ +2ap+ p% = 4X2
2 2 2

B% —2af+a® =125
4aff=4X? -1252

X2 352
Q=—-"
B
Y _ _
@:X:%Jﬂﬁx:>ﬁ2—2X5+(x2‘352):0
ﬁ:)?+x/§8

12. What is the reason of finding the limiting distribution of a random variable? Give an
example of a case that we use the limiting distributions.

Dr. Ceylan Yozgathgil 21.12.2009
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MIDTERM EXAM 2

QUESTIONS

6. Let X have the p.d.f.
f(x;0)=x?10<x<16>0

Let X,,--+,X,, be a random sample of size n.

e) (5pts.) Find the MLE of 6.

f) (7 pts.) Is the MLE of 6 an unbiased estimator of 6? If not, find an unbiased
estimator of 0 in terms of the MLE of 6.

g) (7 pts.) Is the MLE of 0 a consistent estimator of 6?

h) (6 pts.) Find the MLE of the median.



Hint: Think about —In X transformation. Also, the pdf of Gamma(a, ,B) is:

f(x;a,ﬂ)z—axa_le_)‘/ﬁ,x>0,oc>0,,B>0
r(a)s

7. Let X have the p.d.f.

f(x;0)= 22 0<x<8,6>0
0

Let X,,--+,X,, be a random sample of size n.

m) (8 pts.) Find a sufficient statistic, Y for & by using the Neyman’s factorization
theorem.

n) (8 pts.) Show that Y is a complete sufficient statistic for 6.

0) (9 pts.) Find the unique MVVUE of 6.

o PDF of Xt 9x(y) = nfx (X [Fix () o0 < o) <2

e PDF of Xq): gx —nfx( Il F( )] /=00 < X(1) <0

e Leibniz’s Rule:
d b

jf(xt)dx_f( )( [b ]j ( ;t)(%[a(t)])+j§f(x;t)dx

dt a(t)

8. Let X have the p.d.f.

x2

f(x;@)_gxe 0<x<w,0<0

where uzé’llzg, 02=9{1—ﬂ and E[Xr}=6’”2r(1+%] where

r'(n)=(n-1)I'(n-1)=(n-1)! , n>0 and F(Zj J7 . Assume that we have a
random sample of size n.

a) (10 pts.) Find a complete sufficient statistics for &.



b) (10 pts.) Find the unique minimum variance unbiased estimator of &.

¢) (10 pts.) Find an unbiased estimator of JO . Is this also the minimum variance
unbiased estimator of </& ? Why or why not?

d) (10 pts.) Find E{(ZX 2 +31 ﬁ xiz} .
i=1

9. (10 pts.) Explain the logic behind the maximum likelihood estimation. What is a
likelihood function and why we are trying to maximize the likelihood function?

Dr. Ceylan Yozgatligil 18.01.2010
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FINAL EXAM
QUESTIONS

2. (20 pts.) Let F(x)/x—>A as x—0 where F(x) is a cumulative distribution
function of X. If Xy is the first order statistics for a r.s. of size n, find the limiting

distribution of Xy, if it exists.

cdf of X(p): G Xa) (X(l))Z 1- [1— Fx (X(l) )]n 7m0 < Xg) <

2. Considerar.s. Xy, X,,-++, X,, from the distribution having the following pdf

x*te™XF 0<x<ow, >0 and B>0

f(X;a,ﬂ)ZW

with E(X )= ap and Var(X)=ap?.

f) (10 pts.)Find the joint complete sufficient statistics for (, 3).
g) (15pts.) If o=1; find the MVUE of 1/

3. Let X,, X,,..., X, bei.i.d. r.v.s with pdf

_1—9}
f(x;e)zgx { 9 1:0<x<1;6>0



f) (5pts.) Find the maximum likelihood estimator (MLE) of &,
g) (5pts.) Find the Fisher Information, 1(6).

h) (5 pts.) Find the Cramer-Rao Lower Bound (CRLB) for &.
i) (5 pts.) Find the efficient estimator of 6, if it exists.

j) (10 pts.) Find the efficient estimator of 62, if it exists. If it does not exist,

find the asymptotic efficient estimator of 62, and specify its asymptotic

distribution.

b) (5pts.) What is a random variable? Why we need them in statistical analysis?
b) (5pts.) What is a random sample? Why we want to have a random sample?

h) (5pts.) Why we are defining probability mass function for discrete random
variables and probability density function for continuous random variables? Are
they the same? If not, what are the differences?

1) (5pts.) What is the meaning of Cramer Rao Lower Bound? Why we need them?

j) (5pts.) What is the meaning of the efficient estimator?
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SOLUTIONS

o Let X =(Xy, ...,Xn) be a random sample from the density

3
f(x)=—,x>1.
(0=

a. (5 pts.) Find the limiting distribution of Y4, if exists.

Step 1: Find the cdf of X. F(x)=1-x"°,x>1

Step 2: Find the cdf of Yi: Gy, (v)=1- b—1+ y_3]n =1-y 3N y>1



- . . _ ly>1
Step 3: Take the limit of the cdf:  lim G = limp—y3")=!"
P n—o0 " (y) n—>oo( y ) {0, y<1

which is the cdf of a degenerate distribution at point 1. Hence, the limiting
distribution of Y1 is degenerate distribution ate point y=1.
b. (5 pts.) Find the limiting distribution of Yh, if exists.

Step 1: Find the cdf of Yn: Gy, (y)= b— y_3]n

Step 2: Take the limit of the cdf:
) . 3\ 0,y>1
lim G = liml—y3) =1
n—oo ¥n (y) n—moﬁ Y ) {0, y < 1

which is not a valid cdf. Hence, the limiting distribution of Y, does not exist.
c. (10 pts.) Find the limiting distribution of Z, = %Yn , If exists.
Step 1: Find the cdf of Zn:

73

n
Hz (2)=P(Z,<2)= P(%Yn < z): P(Yn < z/%):(l—lJ 213 =1
Step 2: Take the limit of the cdf:
n n
lim Hz (y)= lim (1——3] =-0",7>0w
n—>ow " n—>c

which is not a valid cdf. Hence, the limiting distribution of Y, does not exist.

e (15pts.) Let Xy, ... ,Xn be a random sample from the Uniform(0,1) density. Let

1/n
n
Zn =£ Xij . Show that Z,, —P ¢, where ¢ is constant and find c?
1

1=
Here, the case is stochastic convergence. So, we need to find the E(Z,,) and V(Z,). To

be able to do so, we need the distribution of Z,. It is not easy to find the distribution of Z,

therefore consider a natural logarithm transformation to make the form of Z, linear.

n
Yo=InZ, = 1 >.In X; = Consider - InX transformation to find the distribution of Y,,.
Ni=1



—-u

eV = f(u)=e™",u>0=U ~ Exp(l) = Gamma(l).

U=-InX=>X=¢"Y :Jacobian:‘ 3
u

-

n n 1n
Hence, YU; =-XIn X; ~Gamma(nl)= -=YIn X; ~ Gamma{n,—} Then,
i=1 i=1 Ni=1 n

n n
>InX; >InX;

E| - = =landV| -2
n n

S|

By Chebyshev’s Inequality,

n
Zln Xi

i)E[ - =1
n

n
>In Xi

iV -1 |==<o,vn
n n

n
ZIn Xi
iii ) lim v| — 1= =0

n—oo n

n
>InX;
Hence, — =L _ P 41,







e (15 pts.) Suppose that Yi~N(0,1) and Y1, Y2,... are independent. Use mgf method to

%(Yi + 1)
_ n -

find the limiting distribution of =

Jn
n 1 n
_Z(Yianj 2Y 1
Let z, =1=L ==
" Jn n Jn
Mgf of Zn:
n
P Jn S
Mo (t)=E|expl =L 4 —— ||=et/ YN |My [t/ /n)[' =et/VN|e2n | —gt/VNgt™/2
Zn() P \/ﬁ \/ﬁ [ Y,( )]

2 2
Take the limit of the mgf: lim Mz (t)= lim et/ Vnet® /2 _ot* 12 ¢ o0 which
n—oo n—oo

is the mgf of N(0,1). Hence, the limiting distribution of Z, is N(0,1).



e (15 pts.) Let X have the Uniform(n, n+2) p.d.f. Considering X,,---,X,, is a
random sample of size n, find the limiting distribution of

3n(X,, —n—1)

Xn

Z, =

n
2 X
where X, =1=L if it exists.
n

(h+2-n3 1
12

_n+n+2

Since X ~Uniform(n, n+2), E(X) =n+land V(X)

w |

By CLT, ><n+n—1:\/3—n(in —n-1)—2 5 N(0g).

&)
\/3_n .

Xn

After this part, we have

By WLLN, X, —P—(n+1)

X IX
By Slutky’s Theorem, —*—P >1and ,[20 —P 51,
n n

Hence,

Z, :\/5‘/3_”(%;‘{”_1) 9, VaN(01)=N(03).

n




e Let Xy, ... ,Xnbe arandom sample from the following density
f(x;0)=x?1o<x<1,6>0.
a. (10 pts.) Find the method of moment estimator (MME) of é.

E(X)=X
1 _
Txex®lax=—2_ %
0 0+1
Sg=2
- X

b. (10 pts.) Find the maximum likelihood estimator (MLE) of é.

n
L(O)=6"TIx{ o< x <1
i=1

InL(6)= n|n9+(9—1)§|n X;
i=1

n 2
dInL(6) S 2.Inx; =0and checkw <0.
o 6 i do? 5
0=0
6=——"
n
> Inx;
i=1

c. (5 pts.) As you can see from parts a) and b), the MME and MLE of & are
different than each other as the estimators of the same parameter. Discuss how
we can decide to choose just one estimator among MME and MLE of é.

d. (10 pts.) Discuss the logic behind MME and MLE techniques.
Dr. Ceylan Yozgathgil 19.12.2011
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QUESTIONS

1. (7 pts.) Let Xy, ... ,Xn be ar.s. from an N(yl,az) distribution and let Y4, ... ,Ym be

ar.s. froman N(yz ,az) distribution. Is the pooled sample variance

5 (n-1)32 +(m-1)52
% pooled = ntm—2




an unbiased estimator of &2, where 812 and 822 are the respective sample
variances. Support your answer with calculations.

Let X3, ... ,Xn be a random sample from a Rayleigh distribution with pdf

2
Xe X120 y 040
f(x;a)=1a
0

,otherwise
(5 pts.) Find the Maximum Likelihood Estimator (MLE) of «, if it exists.
(8 pts.) Is the MLE you found in part a) an unbiased estimator of «. Show.

(5 pts.) Is the MLE you found in part a) a consistent estimator of a. Show.
(7 pts.) Find the (MLE) of MSE(&), if it exists.
(24

(8 pts.) Find a complete and sufficient statistic for ¢, if it exists.
(7 pts.) Find the unique minimum variance unbiased estimator of ¢7, if it exists.

A random sample Xy, X, ..., X, is drawn from the following pdf

f(x;@):i; 3-20<x<3,0>0
20
° cdf of Yn:
Gy, = [Fx (yn)I" —0 < yp <0
e cdfof Yi:
Gy, =1-[1-Fx (y1)" 0 < y1 <0

(8 pts.) Find a sufficient statistic, Y for @ by using the Neyman’s factorization

theorem.
(9 pts.) Show that Y is a complete sufficient statistic for 6.
(9 pts.) Find the unique MVVUE of 6.

(7 pts.) Find E[3)T| Yl] where X is the sample mean and Y; is the first order

statistic.



4. Suppose that the random variables Y,,Y, ,---,Y,, satisfy
Yi =X +¢&, 1=12,--.n
where x;,X,,---,X, are fixed constants, and ¢,,&,,--,&, are i.i.d. N(O,az), o2 unknown.
a) (5 pts.) Find the pdf of Y.
b) (10 pts.) Find joint complete sufficient statistics for (/3,02).
¢) (5 pts.) Find the minimum variance unbiased estimator of 3.

Dr. Ceylan Yozgathgil 20.01.2012
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QUESTIONS

1. Let X~N(u, o%) where . A random sample of size n is taken.

n —\2
Z(Xi_x) P
e (5 pts.) Assuming that x is unknown, show that S? === 552 where
n
X is the sample mean.
n 2
X(Xi—u)
e (5 pts.) Assuming that z is known, show that "> ==L 552,
n

2. The independent rvs X, X,,..., X, have the common distribution
0 ,ifx<0

P(X <X o, )= (%) L if0<x<p
1 x> g

where « and £ are positive.

e (5 pts.) Find the MLEs of aand .
e (5 pts.) Find the MLE of interquartile range.
e (5 pts.) Find the minimal sufficient statistics of «and £.



3. Let X be a random variable having pdf

x2

f(x;@)zgxe_9,0§x<oo,0<9

where yz@llzg, 02:91’{1—%} and E[xr]ze”zr(u%j where

1

I (n)=(n-1)T(n-1)=(n-1)! , n>0 and r@:ﬁ.

Consider a random sample, X3, Xa,..., Xn.

(5 pts.) Find the Fisher Information in a random variable, 1(6).

(5 pts.) Find the Cramer Rao Lower Bound for é.

(10 pts.) Find the efficient estimator of 6, if it exists.

(Hint: You may consider Y=X? transformation, if you have difficulty in
calculations.)

(10 pts.) Find the efficient estimator of ¢, if it exists. If it does not exist, find the
asymptotically efficient estimator of & and specify its asymptotic distribution.
(Hint: You may consider Y=X? transformation, if you have difficulty in
calculations.)

Suppose that the random variables Y,,Y,,---,Y, satisfy
Yi:a+ﬁxi+gi, i:1,2,"',n

where x;,X, -+, X, are fixed constants, and &;,¢&,,:--,&, are i.i.d. N(O,az), o unknown.

a) (5 pts.) Find the pdf of Y.
b) (10 pts.) Find joint complete sufficient statistics for (a,ﬂ,az).
¢) (10 pts.) Find the minimum variance unbiased estimator of g .

a) (5pts.) What is a random variable? Why we need them in statistical analysis?

b) (5pts.) What is a random sample? Why we want to have a random sample?

c) (5pts.) What is the meaning of Cramer Rao Lower Bound? Why we need
them?

d) (5pts.) What is the meaning of the efficient estimator?
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QUESTIONS

If X,,X,,---,X,, a random sample from N(,ux,az) and Y,,Y,,---,Y,, a from

N(O,O'Z) are independent, find the distribution of the following random variables
without any derivation:
a) (Gpts.) X-Y

b) (5pts.) S& +S!

¢) (5pts) ——

JSa/n

d) (5pts.) (X s )

Y_Z

(20 pts.) One observation is taken on a discrete random variable X with the

following probability mass function f(x;6), where 6= 1, 2.

X 0 1 2
; (x; 0) i -1 20 -1
20 360 60

Compute an estimate for 6 using the method of moments and the maximum
likelihood method, and compare them.
Suppose X,, X,,--+, X,, is a random sample from the Uniform distribution on

~Jo<x<46.

a) (10 pts.) Find the maximum likelihood estimator (MLE) of 6.

b) (7 pts.) Find the MLE of P(X <2).

¢) (10 pts.) Find an unbiased estimator of ¢as a function of the MLE of 6.

Jx, (x(l))z nf (x(l) )[1— F(x(l) )]”’l,—oo <X <©



Ox,, (x(n)) =nf (x(n))[F (x(n))]”’l,—oo < X(py <00

O X0 (x(l), x(n)): n(n-1)f (x(l))f (x(n))[F (x(n))— F(x(l) )]”’2 =90 < Xy < X(p) <0



4. (8 pts.) A random variable Y has a probability density function

f(y)=1-0)+2¢y, 0<y<l -1<6<1,
0 otherwise. There are n observations yi; i = /,..., n, drawn independently from
this distribution. Find the maximum likelihood estimator of 6. Discuss the ways of
finding a maximum likelihood estimate for 6.

5. Please answer the following questions:

a) (10 pts.) What do we mean by “sampling distribution” of an estimator
6? In particular, if 6 is unbiased, then what does this say about its
sampling distribution?

b) (15 pts.) Write a real life example to explain the likelihood concept.
How do we interpret the likelinood function, L(6)? What does the
maximum likelihood estimator give us?
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QUESTIONS

5. Let X4, ... ,Xn be a random sample from a Poi(6) distribution.
a) (8 pts.) Find a sufficient statistic, Y for 6.
b) (7 pts.) Find an unbiased estimator of &in terms of Y.
c) (8 pts.) Is the estimator that you found in part b) a consistent estimator of 4?
Show.

6. Let Xy, ... ,Xn be a random sample from a Uniform(6, 2) distribution where &>0.
g) (10 pts.) Find a sufficient statistic for &, if it exists.
h) (10 pts.) Find a complete sufficient statistic for &, if it exists.

i) (10 pts.) Find the unique minimum variance unbiased estimator of 4, if it exists.

Hint: g(X(l))Z nf (X(l) 11— F(X(l) )]nfl,—oo <Xy <



(0= 1 o I o ) o0 < 1y <0

7. Arandom sample X, X, ..., X, is drawn from the Gamma(2, 8) distribution where
6>0.

t) (10 pts.) Find a complete sufficient statistic, Y for 6, if it exists.

u) (12 pts.) Find the unique minimum variance unbiased estimator of @2, if it exists.

v) (15 pts.) Find the unique minimum variance unbiased estimator of 1/6, if it exists.

8. (10 pts) The Lehmann-Scheffe Theorem states that if a statistic Y is a complete
sufficient statistic for the unknown parameter 6, then the unbiased estimator of &
as a function of Y is the unique minimum variance unbiased estimator of 6. If we
cannot find an unbiased estimator of & in terms of Y, can we still find the unique
minimum variance unbiased estimator? If yes, please explain how?
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1. (15 pts.) If X, X,,---, X, a random sample from N(,ux ,0'2) and Y,,Y,,---,Y,,a
from N(O,az) are independent, find the distribution of S; +S7, where S; and
S} are the sample variances, without any derivation.

2. The independent and identically distributed rvs X,, X,,..., X, have the common
distribution

f(x;a,ﬂ)ziT’B:,xzﬂ

where « and £ are positive.

e (10 pts.) Find the MLEs of aand g.
e (10 pts.) Find the joint minimal sufficient statistics of « and .

3. Let(X,,--, X,) be independent identically distributed random variables with
p.d.f.



f(x;0)=0°xexp(— &), x >0

a) (10 pts.) Find a complete sufficient statistic for 6.
b) (10 pts.) Find the unique minimum variance unbiased estimator of 4, if it exists.

4. We consider two continuous independent random variables U and W normally
distributed with N(0, c?). The variable X defined by

X =JU? +W?

has a Rayleigh distribution with p.d.f.

f(x;az)zizexp(— ZXZZJ,X >0
(o} (o}

a) (5 pts.) Find the MLEs of o,

b) (7 pts.) Find the MLE of P(X <2).

c) (7 pts.) Find the Fisher Information on a random sample.

d) (8 pts.) Find the Cramer Rao Lower Bound for o”.

e) (8 pts.) Find the efficient estimator of &, if it exists.

(Hint: You may consider Y=X? transformation, if you have difficulty in
calculations.)

f) (10 pts.) Find the efficient estimator of o, if it exists. If it does not exist, find
the asymptotically efficient estimator of o* and specify its asymptotic
distribution. (Hint: You may consider Y=X? transformation, if you have
difficulty in calculations.)
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1.

If random samples of size three are drawn without replacement from the

population consisting of four numbers 3, 5, 5, 7. Find the sample mean for each

sample and make a sampling distribution of the sample mean. Calculate the mean

of this sampling distribution. Compare your calculations with the population

mean.



2. If X, X,,--+,X,,, arandom sample from N(y,az)and Y, Y,,-- Y, , arandom

sample from N(0,1) are independent, find the distribution of the following
random variables without any derivation:

a) X+Y

n 2
2"
)
o ¥
SX
ny ?
2

c)

d)

0 2 n()?—,uz
E) EYi +—O_2 )

where X and Y are the sample means, and S>2< and S\% are the sample variances.

3. Let the random variable X has the density function
f(x)=0 f,(x)+(@-0) f,(x), 0<x<oo, 0<H<1
A single observation of the random variable X yields the value 1.

These information is also given:
. L x f(x)dx =1

. _[:x f,(x)dx =2

o f,()=2f(1)=0

Determine the method of moment estimate of 6.



4. Consider the following Pareto pdf

[04
f(xa B)= ap_ X>p, a>0, >0
Xa—l
. af . a,BZ
with mean —£— and variance — -
a-1 (@ -1 (a-2)

Assume that we have a random sample of size n, X1, Xo, -+, X .

a) Find the method of moment estimators of o and f.

b) Find the method of moment estimator of the 95 percentile.

5. In a military education, soldiers are divided into three teams. Their aim is to
destroy a building, where terrorists used as their base, using only 3 rockets. The
probability that Team A hits the building is 60%, that for Team B is 40%, and that
for Team C is 80%. The team that hits the building will earn a medal. If the
building is hit, which team is more likely to earn the medal. Considering the
likelihood function, show your calculations.
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1. Let X be a random variable having pdf

f(x0)=

, 0<x<£20+1, 6>0
20+1

Consider a random sample, Xi, Xa,..., Xp.

a) (8 pts.) Find the MLE of 6.
b) (7 pts.) Find the MLE of the median.

2. (10 pts.) Let X1, X2, ..., Xn be a random sample from a discrete distribution with
support equal to {0, 1, 2, 3}. Suppose that 6 can only take on the values 6 = 0
and 6 = 1. The PMFs for 6 =0 and 6 =1 are:



6=0 0=1
x=0 0.1 0.2
x=1 0.3 0.4
x=2 0.3 0.3
x=3 0.3 0.1

Suppose that n = 6 and the data is 0, 3, 1, 2, 0, 3. Find the MLE of 6.

3. Let X, X,,..., X, bear.s. from the pdf

_(x—a)
f(x;a,ﬂ):le Fla<x<om—w<a<m, f>0.

a) (10 pts.) Find the MLE of aand g.
b) (10 pts.) Find the MLE of P(X, <2).

4. Let (Xy, ...,Xn) be a random sample from the distribution with pdf
f(xa) =3a3x™*, a<x,
where a > 0.

e PDFof X gx(n)(y)anX(y)H fy (y),—0<y<oo

=]
« PDFofX: gx(l)(y)zn[l—Fx(y)]n fy (y),~0<y<oo
e Leibnitz’s Rule:

%:jz f(x;t)dx=f (bt )( [b(t ]j ((t);t)(%[a(t)})+b(ft)§tf(X;t)dx

aft) Ot

a) (10 pts.) Find a sufficient statistic for a.
b) (10 pts.) Show that the statistic that you found in part a) is a complete

sufficient statistic for a.

¢) (10 pts.) Obtain the unique minimum variance unbiased estimator of a, if exists.



5. Let X, X,,..., X, bear.s. of size n from a distribution with pdf

f(x;0)=001+ x)_(1+‘9), x>0

o (5 pts.) Find a complete sufficient statistic for 6, if exists.
e (10 pts.) Find the unique minimum variance unbiased estimator of 1/6, if exists.
e (10 pts.) Find the unique minimum variance unbiased estimator of 6, if exists.
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1. The independent and identically distributed rvs X, X,,.., X, have the common
distribution

f(x;a,ﬂ):%,XZﬂ

where « and £ are positive.

a) (10 pts.) Find the MLEs of aand g.
b) (10 pts.) Find the joint minimal sufficient statistics of « and g.

2. Let X be a random variable having pdf

f (x;e):%x%_x”’, 0<x<o, 8>0
66

Consider a random sample, X1, Xa,..., Xp.

a) (5 pts.) Find the Fisher Information in a random variable, 1(6).

b) (5 pts.) Find the Cramer Rao Lower Bound for 6.

c) (5 pts.) Find the efficient estimator of 6, if it exists.

d) (5 pts.) Find the efficient estimator of 02, if it exists. If it does not exist, find the

asymptotically efficient estimator of 02 and specify its asymptotic distribution.

3. Let X, X,,..., X, bear.s. of size n from a distribution with pdf
f(x;0)=0(1+ x)_(1+9), x>0

a) (5pts.) Find an MLE of 6, if it exists.



b) (5 pts.) Find a complete sufficient statistic for 6, if exists.

¢) (5pts.) Find CRLB for 1/6.

d) (5 pts.) Find the MVUE of 1/6.

e) (5pts.) Isthe MVUE of 1/ also the efficient estimator for 1/6.
f) (5 pts.) Find the asymptotic distribution for the MLE of 1/6.

4. Suppose that X ~ N(,ux ,02) and Y ~ N(,uY ,02) are independent random variables
and we have random samples of size n, X;,X,,---, X, and Y;,Y,,---,Y,. (Do not
need to derive the distributions. Just use the properties of Normal distribution).

a) (5 pts.) What is the distribution of X +Y where X and Y are the sample

means?

2 2
b) G pts) What is the distribution of (”‘1)(S>2<+SY) where

(o2
n —\2 n —\2
_Z(XI_X) _Z(YI_Y)
s2 =it and SZ2=I1=L____ are the sample standard
n-1 n-1
deviations?

¢) (5 pts.) Find the expectation of E(S>2< + 83)

5. Please answer the following questions.
a) (5 pts.) What is a random variable? Explain briefly.

b) (5 pts.) What is the meaning of Cramer Rao Lower Bound? Why we need
them?
c) (5 pts.) Which information can be obtained from the Fisher Information?

Explain the logic behind the calculations of the Fisher Information.



