
Egps.ndgrppresentatics
Consider Du 17,2

it is generated by rands
subject to relations

r e Ee sr F's s rJ e

Now let G be a group generated by
a b

with üçte
ba âb

an arbitraryelement
ofG is ofthe form

g â'b a b am b mi nick

by using we may
assume

3

also byusing
we can write

g atbeteso.sn 13
et 50113

Iyi surjectiveDefine y DnGitse_atbe
Also a Pis a gp

hom

So any group Ggn.by
So Dufay

G and b satisfying
and



is a quotientof Dn

We indicate this by Dn ifffd.EE
we will make this precise

freeofrelations
FreeGroups

iintu.fiy

yn

AgroupGis
generated

fireely by

if there is no non trivial relations

among 1 n

forex Dn is NOT freely
generated by rands

since sr F's is a nontrivial relation

or In is not freely gen.by
I since n 1 5

But I is freely generated by
1

Femptyset

A word on is a finite sequence

Ek IEX MIE 2

also the empty word e is a word

let be the set of words over



the word is reduced if xitxitli 1 sk 1

and mi 0 in k

de OR the word is the empty word e

Rk Every word over X can be simplified

to a reduced word

ex 9,73

W 5 EYLÜLE is wardour
notreduced

reduced version

w̅ 595
7
y x ̅

Prep Eachword over can be simplified
ta

a unique reduced
word

Pf.EE

let F denotethe setof reduced
words over

if u VEFA define v.v w̅ this gives a bin op

on FX concatenation andthensimplification

Claim FCN is a gp with this operation

assc.nu
anduTw are both reductions

of

aww so are equal

id e



inverses xikj ximk.r.xzmxi.nl

FX is the free gp on

ey 9,73

U x'̅y z e FIX

E jlx'̅oz
V.v x'̅yzY3jtx0̅F x ̅ y x'̅z

We will mostly have 1 1
0

ex 4 5 3 ie 1 1 1

reducedwordae MEE x ̅ e

Clearly FIX 2

ex if Şa b ie 1 172

in FIX ab ba ie FCA is non abelian

RK 1 if 1 1 141 then FIX Y

2 Fact FX FIX 1 1 141

So if 1 1 n let us write Fn for FCX

üregp with n generators



E There is no non trivial hom from In to I

Et Suppose In 2 is non trivial

then f 5 k 0

fln.tl n k 0
a contradiction

f 0

Tha let FCA be the free gp on

Given any group
G and and function

f X G then f extends uniquely

to agp.hom.fi
FIX 6 s.tt x fCx

VXEX

Compare this with
vectorspaces
bases and linear trans

If given n x Ek e FX

define f a f a FAIK f e es

clearly I extend f and is agp.hom.is



Corollary If G is gereated by 91 gn

then a surjective hom 4 Fn 6
ilgi

i e Enfory
G

Fn is the largestgroupwhich
can begerated by

n elements

Sef A group G is freely genatedby if

every geG S.es can bewritten uniquely
as

a reduced word g xÎxÎ Ek xitxitii 1 sk 1
Mito

Coy A group G is genctedfreely by

6 FIX

Pf Clear

f extends to a gp hom

f FIX G

since gerates 6 f is surjective

since generates Gfreely f is injective



ex G Sn transpositions

doesnot genate Sn freely since 12 121cm iz

G 202 İd 10,133
2

does not generate 6 freely since
areduced

1,03 10,1 0,0 11,0 wordanax

y yX

ey G Dn r.SI E F

let 4 E Dn be the surjective

r
rhom.ofthethm.SI5

So Elkery
Dn let keY N E

Q Can we describe N

Relations of Dn r 5 65

let M be thesmallest
normalsubgroupof

E

containing rn 5,602

ie M M K E
KEE

RISKIER



Claim M N

E Since Ylrh rh
eYCSYsz
ellda Reirisscsrfenekey.so
MEN

E Since MEN

the function Elm Ff is welldefined

rM rN

and surjective so Fyn
Dnl 2n

Since rn s JEM any
element of Fay

can be written as M smjiese.sn 13
jEŞ 0,13

ex MEM rM 43M SM rM

TÜM rM

PM Fsm

M SM

So Elm 2N



Hence Flm 2in M N

Conclusion Dn E Elm Fa F rs

M
smallestnormal

subgp of E
containg
5 Crs

We write this as

ki
this is a presentation of Dn

Defy let be a non empty set REF x

The Üroup defined by geraters
and relations R

is G
F where M is the

smallest
normal subgroup of FX

contains R

Wewrite this
as 6 R a grouppresentation

if vn R m rm3EF xs xn

GE X Xn rn rz rm x Xn riera rm



So above we have proven
r s s g

2 apfersedtna.tn

Cris Ee Ee rJ e


